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ABSTRACT
T h i s  d i s s e r t a t i o n  s t u d i e s  t h e  prob lem of  g e n e r a t i n g  ant' en u m er a t in g  
a l l  t o p o l o g i c a l  s o r t i n g  a r r a n g e m e n t s  of  a p a r t i a l l y  o r d e r e d  f i n i t e  
s e t #
Th re e  a l g o r i t h m s  t h a t  g e n e r a t e  t o p o l o g i c a l  s o r t i n g s  a r e  a n a l y s e d  and 
compared.  An a l g o r i t h m  f o r  e n u m e r a t i n g  t o p o l o g i c a l  s o r t i n g s  i s  d i s ­
c u s s e d ,  and methods f o r  en u m e r a t i n g  the  t o p o l o g i c a l  s o r t i n g s  o f  some 
s p e c i a l  t y p e s  o f  p a r t i a l l y  o r d e r e d  s e t s  a r e  p r e s e n t e d .
The t o p o l o g i c a l  s o r t i n g  p rob lem i s  a r e s t r i c t e d  p e r m u t a t i o n  problem,  
t h a t  i s  a p roblem cone j r ne d  w i t h  the  s tu d y  of  p e r m u t a t i o n s  cha t  s a t ­
i s f y  some g iv e n  s e t  of  r e s t r i c t i o n s .  Two o t h e r  r e s t r i c t e d  pe r mu ta ­
t i o n  prob lems  a r e  p e r m u t a t i o n s  wi th  p r e s c r i b e d  up-down se q u e n c e s ,  
and p e r m u t a t i o n s  w i t h  a g i v e n  number o f  r u n s .  Both t h e s e  p rob lems 
a r e  shown to  be r e d u c i b l e  to  t o p o l o g i c a l  s o r t i n g .
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PREFACE
I  w i s h  to  r e c o r d  my s i n c e r e  g r a t i t u d e  to  Dr .  Yaakov L. Varol  and Dr.  
Judy M. Bi shop f o r  s u p e r v i s i n g  t h i s  d i s s e r t a t i o n .  In p a r t i c u l a r ,  
s p e c i a l  th a n k s  a r e  due to  Dr.  Var o l  who i n t r o d u c e d  me t o  the  s u b j e c t  
of  t o p o l o g i c a l  s o r t i n g .  I an a l s o  a p p r e c i a t i v e  of  t h e  a s s i s t a n c e  
t h a t  I r e c e i v e d  from Dr .  K. J .  Danhof ( from th e  U n i / e r s i t y  of  Sou th ­
e r n  I l l i n o i s  a t  C a rb o n d a le )  d u r i n g  h i s  v i s i t  t o  th e  U n i . e r s i t y  of  
th e  V i t w a t e r s r a n d .  I  am g r a t e f u l  to  the  Co un c i l  f o r  Sci  n t l f i c  and 
I n d u s t r i a l  Resea rch  f o r  i t s  g e n e r ou s  f i n a n c i a l  s u p p o r t .  F i n a l l y ,  I 
w i s h  to  t ha n k  ray mot he r ,  J e an  KaI v in ,  who d ev o t ed  muci of  he r  t ime 
to  t y p i n g  t h i s  d i s s e r t a r i o n .
The t e x t  o f  t h i s  d i s s e r t a t i o n  h as  been p r e p a r e d  on a 21log  m ic r o ­
compute r  ru nn in g  un d er  the  U.C.S.D.  P a s c a l  System I I . 0 w i t h  t h e  a i d  
o f  th e  U.C.S.D.  Tex t  E d i t o r ,  and p rograms w r i t t e n  by s t a f f  and s t u ­
d e n t s  o f  th e  Computer Sc ien ce  D i v i s i o n  of  t h e  Depar tmen t  of  A pp l i e d  
l l a t h e n a t i c s ,  U n i v e r s i t y  of  th e  W l t w a t e r s r a n d .
CHAPTER I -  3 A SIC Cri.CKPTS
1. 1 P r e l  imin. i ' - las
Le t  S be a s e t ,  t he n  any s u b s e t  R o f  S x S i s  c a l l e d  a b i n a r y  
r e l a t i o n  on S. I f  t h e  p a i r  ( x . y )  < R we w r i t e  xRy, and i f  ( x . y )   ^ R 
we w r i t e  xjty. I f  xRy and yRx in;  ^y x -  y f o r  a l l  x . y  in  the n  P. i s  
c a l l e d  a p r ec ed en c e  r e l a t i o n and i s  s a i d  to  be a j aLi synue tr i_c • I f  xRy 
and yRz imply xRz f o r  a l l  x , y , z  in  S, R i s  s a i d  to  be t r a n s i t i v e ; i f  
xRx f o r  a l l  x in  S, th e n  R i s  s a i d  to  be r e f l e x i v e  and i f  xfcx f o r
a l l  x i n  S, the n  R i s  s a i d  to  be i r t e  f l e x i . - e . I f  S -  { X j , x . , , . . .  , x n >,
th e n  t h e  r e l a t i o n  R can be r e p r e s e n t e d  by t h e  n x n m a t r i x  H where
11^ -  1 i f  x^RXj and l t _  -  0 o t h e r w i s e .  M i s  c a l l e d  th e  a d j a c e n c y
m a t r i x  of  R.
A p a r t i a l l y  o r d e r e d  s e t  o r  po su t  (S ,R)  i s  a s e t  t o g e t h e r  w i t h  a b i ­
n a r y  r e l a t i o n  R which i s  a n t i s y m m e t r i c ,  t r a n s i t i v e  and r e f l e x i v e .  R 
i s  r a i l e d  a p a r t i a l  o r d e r i n g  on S, and x i s  s a i d  to  p r e c e d e y ( i n  
the  p a r t i a l  o r d e r i n g )  i f  xRy. I f  S i s  f i n i t e  and non-empty ,  (and we 
s h a l l  a lways  assume s o ) ,  t h e  p o s e t  (S ,R)  can be r e p r e s e n t e d  p i c t o r i -  
a l l y  by a Basse  d ia g ram in  which each e l ement  of  S i s  r e p r e s e n t e d  by 
a node,  and t h e r e  i s  a f a l l i n g  l i n e  j o i n i n g  x t o  y i f  and o n ly  i f  
xRy and t h e r e  i s  no z such t h a t  xRz and zRy, f o r  a l l  x , y , z  in  S. For 
example F ig ur e  1 .1 shows th e  Basse  d i ag ram  of  t h e  p o s e t  (S ,R)  where 
S -  ( 1 , 2 , 3 , 4 , 6 , 1 2 )  and xRy i f  x d i v i d e s  y .
1
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F l c u r e  1. 1 A Basse d i a g ra m  of a po se t
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A H i r e r r m l  a r ao h  G -  (V,E) i s  a f i n i t e ,  non-empty s e t  V t o g e t h e r  
w i t h  a b i n a r y  r e l a t i o n  E on V. The e l e m e n t s  o f  V and E a r e  the
v e r t i c e s  and edges  o f  G r e s p e c t i v e l y .  We say  t h a t  y i s  adj a c e n t  to  x
i f  ( x , y )  c E and the  s e t  Ax of  a l l  / e r t i c e s  a d j a c e n t  to  x i s  c a l l e d  
t h e  a d j a c e n c y  s e t  f o r  x .  A se q u en c e  of  ed g e s  of th e  form ( v ^ V j ) ,
( v „ V 3 )  (vk - l » V  13 CaU ed  3 P a t h  ° f l e n R th  k' ~  ^  G* AS 3
s p e c i a l  c a s e ,  a s i n g l e  v e r t e x  d e n o t e s  a p a t h  of  l e n g t h  0 from I t s e l f
t o  i t s e l f .  I f  t h e r e  i s  a p a t h  f rom x to  y th e n  x i s  s a i d  to  r ea ch  y .
A c y c l e  i s  a p a t h  of  l e n g t h  a t  l e a s t  1 which b e g i n s  and ends a t  t h e
same v e r t e x .  I f  G -  (V,E) i s  a d i r e c t e d  g r ap h  and E i s  a t r a n s i t i v e
p r e c e d e n c e  r e l a t i o n ,  t h e n  G w i l l  have  no c y c l e s  and i t  i s  s a i d  to  be 
a c y c l i c . I f  E'  c E, th e n  the  d i r e c t e d  g r ap h  G'  -  ( V , E ' )  i s  c a l l e d  a 
sp a n n in g  su bg ra p h  of  G * (V,E) .
L e t  G -  (V,E) be an a c y c l i c  d i r e c t e d  g r a p h .  We d e f i n e  G* -  (V,E*) 
such  t h a t  ( x . y )  e E* i f  and on ly  i f  y i s  r e a c h a b l e  f rom x in  G. G* 
i s  c a l l e d  th e  ( r e f l e x i v e  and) t r a n s i t i v e  c l o s u r e  of  G. I t  fo l l o w s  
t h a t  G* i s  a p o s e t  -  s i n c e  E* s a t i s f i e s  the  r e q u i r e d  p r o p e r t i e s  -  
and any s p a n n in g  su bgr aph  of  G* which p r e s e r v e s  r e a c h a b i l i t y  can 
r e p r e s e n t  th e  p o s e t  (V , E* ) .  In p a r t i c u l a r ,  t h e  Hasse d ia g ra m  of th e  
p o s e t  c o r r e s p o n d s  to  th e  minimal  sp a n n in g  su b g ra p h  o f  G* w i th  t h a t  
p r o p e r t y .  In t h i s  d i s s e r t a t i o n  we s h a l l  r e f e r  to  t h e s e  s t r u c t u r e s ,  
e i t h e r  by p o s e t s  o r  a c y c l i c  d i r e c t e d  g r a p h s  r e p r e s e n t i n g  them.
1 . 2  The t o p o l o g i c a l  s o r t i n g  p roblem
Given  a p a r t i a l  o r d e r i n g  R o n  a f i n i t e  non-empty  s e t  S o f  s i z e  n, 
t h e  p rob lem of t o p o l o g i c a l  s o r t i n g  i s  to  f i n d  a p e r m u t a t i o n  
P l p 2. . . p n of  t h e  e l e m e n t s  of  F  such t h a t  1 a p p e a r s  to  th e  l e f t  o f  J 
i f  i R J . T h i s  p e r m u t a t i o n  i s  c a l l e d  a s o l u t i o n  to t h e  t o p o l o g i c a l  
s o r t i n g  p rob lem,  or  s imp ly  a t o p o l o g i c a l — s o r t i ng,. The t o p o l o g i c a l  
s o r t i n g  p roblem i s  e q u i v a l e n t  to  each  of  t h e  f o l l o w i n g .
(1 )  Given  a p a r t i a l  o r d e r i n g  R o n  a f i n i t e  non-empty s e t  S, 
f i n d  a way to  permute t h e  rows and columns of  t h e  a d ja c en c y  
m a t r i x  M of R so t h a t  M becomes an u p p e r - t r i a n g u l a r  m a t r i x .
(2)  Given a p a r t i a l  o r d e r i n g  on a f i n i t e ,  non-empty s e t ,  f in d  a 
l i n e a r  ( t o t a l )  o r d e r i n g  in  which t h e  p a r t i a l  o r d e r i n g  can 
be embedded.
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(3 )  Given an a c y c l i c  d i r e c t e d  g r ap h  G w i t h  n v e r t i c e s ,  f i n d  a
way to  l a b e l  t h e s e  v e r t i c e s  w i th  th e  I n t e g e r s    n>
such  t h a t  th e  l a b e l  o f  v e r t e x  x i s  l e s s  tha n  the  l a b e l  of  
v e r t e x  y f o r  e *  -h edge ( x , y )  i n  G.
(4)  Given  an a c y c l i c  d i r e c t e d  g r ap h  G, f i n d  a way to  a r r a n g e  
the  v e r t i c e s  i n  a s t r a i g h t  l i n e  so t h a t  a l l  a r c s  go from 
l e f t  t o  r i g h t .
In our  s t u d y  o f  t o p o l o g i c a l  s o r t i n g  th e  r e f l e x i v i t y  of  p a r t i a l  
o r d e r i n g s  i s  o f  no im p o r ta n c e ,  and when c o n v e n i e n t  we s h a l l  i gn o re  
t h i s  r e q u i r e m e n t .  (Knuth [1968,  pp.  258-9]  in  f a c t  d e f i n e s  a p a r t i a l  
o r d e r i n g  to be a b i n a r y  r e l a t i o n  t h a t  i s  e i t h e r  ( a)  a n t i s y m m e t r i c ,  
t r a n s i t i v e  and r e f l e x i v e ,  o r  (b) a n t i s y m m e t r i c ,  t r a m i t i v e  and 
i r r e f l e x i v e ) .
T o p o l o g i c a l  s o r t i n g  i s  a p r o c e s s  which i s  of  p o t e n t i a l  u se  whenever  
we have a prob lem i n v o l v i n g  a p a r t i a l  o r d e r i n g .  Fo l lo win g  a r e  some 
examples  of  t o p o l o g i c a l  s o r t i n g :
(1)  C o n s t r u c t i n g  a g l o s s a r y  o f  te rms
If  th e  d e f i n i t i o n  of  a word x depends  on t h a t  o f  a word y,  
we d e n o t e  t h i s  by t h e  r e l a t i o n  xRy. T o p o l o g i c a l  s o r t i n g  of  
the  words means a r r a n g i n g  them i n t o  an o r d e r  so t h a t  no 
word i s  used b e f o r e  i t  has  been d e f i n e d .
(2)  Sch ed u l i ng  a c t i v i t i e s  of  a pr o j e c t
A p r o j e c t  c o n s i s t s  of  a s e t  of  a c t i v i t i e s  t h a t  must be 
p e r f o r m e d . I f  a c t i v i t y  x must be comple ted  b e f o r e  a c t i v i t y  
y can commence, we w r i t e  xRy. T o p o l o g i c a l  s o r t i n g  means the  
a r r a n g e m e n t  o f  t h e  a c t i v i t i e s  i n  such an o r d e r  t h a t  upon 
i n i t i a t i o n  of  each a c t i v i t y  a l l  i t s  p r e r e q u i s i t e  a c t i v i t i e s  
have been c o m p le t e d .  ( S e v e r a l  s o p h i s t i c a t e d  t e c h n i q u e s  such 
PERT, RAMPS and CPM have been dev e l op ed  to e v a l u a t e  such 
a c t i v i t y  models  -  s ee  for  example Horowitz and Sahni  
[1 976] ) .
(2 )  Drawlnt! up a u n i v e r s i t y  c u r r l c u l  m
In a u n i v e r s i t y  curr icu lum,  c e r t a i n  co ur se s  must be taken 
befo re  o th ers  s i n c e  they r e ly  on the m at e r i a l  presented in
t h e  p r e r e q u i s i t e s .  I f  a c o u r s e  x i s  a p r e r e q u i s i t e  f o r  a 
c o u r s e  y, we w r i t e  xky.  T o p o l o g i c a l  s o r t i n g  means a r r a n g i n g  
the  c o u r s e s  in  such an o r d e r  t h a t  no c o u r s e  l i s t s  a l a t e r  
c o u r s e  as  a p r e r e q u i s i t e .
( 4 )  D e c l a r a t i o n  of  p r o c e d u r e s i n  a computer ,  prog r am
In a program,  some p r o c e d u r e s  may c o n t a i n  c a l l s  to  o t h e r  
p r o c e d u r e s .  I f  a p r o c e d u r e  x i s  c a l l e d  by a p r o c e d u re  y, we 
w r i t e  xRy. T o p o l o g i c a l  s o r t i n g  i m p l i e s  th e  a r r a n g e m e n t  of 
p r o c e d u r e  d e c l a r a t i o n s  i n  such  a way t h a t  t u e r e  a r e  no 
fo rw a r d  r e f e r e n c e s .
T h e r e  i s  e s s e n t i a l l y  one method to  do t o p o l o g i c a l  s o r t i n g ,  and i t  
a p p e a r s  in  t h e  l i t e r a t u r e  in  a number of d i f f e r e n t  fo rms .
F i r s t l y ,  l e t  R be  a p a r t i a l  o r d e r i n g  on a f i n i t e  non-empty  s e t  S. In 
o r d e r  to  s o r t  S t o p o l o g i c a l l y  we s t a r t  by t a k i n g  an e l eme nt  which i s  
n o t  p r ec ed ed  by any o t h e r  e l e m e n t  i n  th e  p a r t i a l  o r d e r i n g .  T h i s  e l e ­
ment may be p la ce d  f i r s t  i n  t h e  o u t p u t .  Now we remove t h i s  e l ement  
f rom Si  t h e  r e s u l t i n g  s e t  i s  a g a i n  p a r t i a l l y  o r d e r e d ,  and th e  p r o ­
c e s s  can be r e p e a t e d  u n t i l  t h e  whole s e t  has  been  s o r t e d .  The on ly  
way i n  which t h i s  method c o u l d  f a i l  would be i f  t h e r e  were a non­
empty p a r t i a l l y  o r d e r e d  s e t  i n  which eve ry  e l em en t  was p r ec ede d  by 
a n o t h e r ;  f o r  in  such a ca se  t h e r e  would be n o t h i n g  to  do.  But i f  
ev e r y  e l ement  i s  p r ec ed ed  by a n o t h e r ,  we co u l d  c o n s t r u c t  an a r b i t r a ­
r i l y  long  se qu enc e  P i» P 2 » P y  " ' '  *n 1"c^ Pj+l**p j * s lnLe  ° 13 f  ^ ’
we must  have  P -  Pk f o r  some j  < k ,  b u t  t h i s  i m p l i e s  t h a t  Pk RPj+1 
c o n t r a d i c t i n g  th e  a n t i s y m m e t r i c  p r o p e - t y  of  th e  p a r t i a l  o r d e r i n g .  
T h i s  form of th e  t o p o l o g i c a l  s o r t i n g  method i s  g iv e n  by Kahn [L962j ,  
Knuth [1968] ,  Knuth and Szwar- f i t e r  [1973] and W l r t h  [ 1976] .  ( I t  i s  
e a s y  to  see t h a t  t h i s  i s  i n  f a c t  t h e  on ly  way to s o r t  t o p o l o g i c a l l y ,  
s i n c e  i f  P l p 2 . . . p n i s  a t o p o l o g i c a l  s o r t i n g  of  S, the n  ?1 must he an 
e l e m e nt  w i t h o u t  p r e d e c e s s o r s ,  and p 2 must have  no p r e d e c e s s o r s  o t h e r  
t h a n  p e r h a p s  p^,  and so o n ) •
A second  way to  d e s c r i b e  t h i s  t o p o l o g i c a l  s o r t i n g  t e c h n i q u e  i s  g iv en  
i n  Aho, H o p cr o f t  and Ullman [1974],  and Horowi tz and Sahn l  [1978] .  
L e t  G -  (V, E) be a d i r e c t e d  a c y c l i c  g r a p h .  S e l e c t  a v e r t e x  wi th  no 
incoming edge.  Th is  v e r t e x  may be p la c e d  f i r s t  i n  th e  o u t p u t .  D e l e t e  
t h e  v e r t e x  f rom the  g raph  a lo ng  w i t h  a l l  o u t g o i n g  e d g e s .  The r e s u l t -
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acyclic  d i r ; :tf: p graph OUTPUT
1)
‘XT
2 ) a
3)
db
4) e dP
5) dbac
6) dbace
Fliiurti  1. 2 An example of  t o p o l o g i c a l  s o r t i n g
I
i ng  g r ap h  l a  a g a i n  a c y c l i c  and the  p r o c e s s  can be r e p e a t e d  u n t i l  
ev e r y  v e r t e x  has  been o u t p u t .  An example of  t h i s  p r o c e s s  I s  shown In 
F i g u r e  1 .2 .  As b e f o r e ,  h i s  method can f a i l  on ly  i f  t h e r e  i s  an a c y ­
c l i c  g r a p h  in  which ev e r y  v e r t e x  has  an incoming edge .  However t h i s  
s i t u a t i o n  can n ev e r  o cc u r  s i n c e  i t  would imply t h a t  t h e r e  was a 
c y c l e  in  th e  g r a p h .  A v a r i a t i o n  of  t h i s  form of  the  t o p o l o g i c a l  
s o r t i n g  method i s  g iv e n  by T ^ - j a n  [1974] ,  and R e in g o ld ,  M i e v e r g e l l  
and Deo [1977].  A d e p t h - f i r s t  spa nn in g  f o r e s t  of  th e  a c y c l i c  d i ­
r e c t e d  g raph  G ■ (V,E) i s  o b t a i n e d  by p e r f o rm in g  a d e p t h - f i r s t  
s e a r c h  on G. The v e r t i c e s  a r e  s e l e c t e d  in  such an o r d e r  t h a t  eve ry
■5-
v e r t e x  i s  s e l e c t e d  b e f o r e  any of  i t s  d e s c e n d a n t s  in  the  f o r e s t .
A n o t h e r  f o ; a  o f  t h i s  method,  d e s c r i b e d  i n  terras o f  t r i a n g u l a t i n g  the  
a d j a c e n c y  m a t r i x  of a p a r t i a l  o d e r i n g  i s  p r e s e n t e d  by N i j e n h u i s  and 
W i l f  [1975] .
1 .3  Scope of  t h i s  d i s s e r t a t i o n
We s h a l l  be co nc e rn ed  p r i m a r i l y  w i t h  th e  p roblem of  f i n d i n g  a l l  t o ­
p o l o g i c a l  s o r t i n g s  of  a g iv e n  p o s e t .  Th i s  p rob lem can be v iewed  as  a 
r e s t r i c t e d  p e r m u t a t i o n  p r o b le m , t h a t  i s  a p rob lem co nc ern ed  wi th  the  
s t u d y  of  p e r m u t a t i o n s  t h a t  a r e  c o n s i s t e n t  w i t h  some g iv e n  n e t  of  r e ­
s t r i c t i o n s  -  in  th e  c a s e  of  t o p o l o g i c a l  s o r t i n g  t h e s e  r e s t r i c t i o n s  
a r e ,  o f  c o u r s e ,  the  p a r t i a l  o r d e r i n g  imposed on the  s e t  c i  o b j e c t s  
i n  q u e s t i o n .
I n  Ch a p te r  2 we d i s c u s s  v a r i o u s  a l g o r i t h m s  f o r  g e n e r a t i n g  a l l  t o p o ­
l o g i c a l  s o r t i n g s  and t h e  r e l a t e d  p rob lem of e n u m e r a t i n g  t o p o l o g i c a l  
s o r t i n g s  i s  c o n s i d e r e d  i n  Ch a p t e r  3.
C h a p t e r  A d e a l s  wi th  two o t h e r  r e s t r i c t e d  p e r m u t a t i o n  p ro b le ms ,  
namely p e r m u t a t i o n s  w i t h  p r e s c r i b e d  up-down s e q ue nc es  and permu­
t a t i o n s  w i th  a g iv e n  number of  r u n s .
I n  Ch ap te r  5 . we c o n t i d e r  p o s s i b l e  a r e a s  ro r  f u t u r e  r e s e a r c h .
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CHAPTER 2 -  ALGORITHMS FOR GENERATING TOPOLOGICAL SORTING:;
2 . 0  I n t r o d u c t i o n
The number of  p e r m u t a t i o n s  o f  n o b j e c t s  c o n s i s t e n t  w i th  a p a r t i a l  
o r d e r i n g  I s  o f t e n  sm al l  compared w i th  n! -  a s i n g l e  r e l a t i o n  re d u c es  
t n e  number of  p e r m i s s i b l e  p e r m u t a t i o n s  to  n l / 2 .  I t  i s  g r o s s l y  i n e f ­
f i c i e n t  t o  g e n e r a t e  th e  t o p o l o g i c a l  s o r t i n g s  of  n o b j e c t s  by ge ne ­
r a t i n g  a l l  nl  p e r m u t a t i o n s  and th e n  t e s t i n g  each  one f o r  c o n s i s t ­
enc y .  We t h e r e f o r e  c o n s i d e r  more e f f i c i e n t  methods of  g e n e r a t i n g  
t o p o l o g i c a l  s o r t i n g s .
2 .1  B a c k t r a c k i n g  a l g o r i t h m s
A b a c k t r a c k i n g  (o r  t r e e  programming) a l g o r i t h m  f o r  g e n e r a t i n g  a l l  
t o p o l o g i c a l  s o r t i n g s  o f  n o b j e c t s  i s  a p r o c e d u r e  where a t  eve ry  
s t a g e  we c o n s i d e r  a sub pr ob l em  of  t h e  form " f i n d  a l l  ways to  com­
p l e t e  a g iv e n  p a r t i a l  p e r m u t a t i o n  p l p 0. . . p 1_ 1 t o  a t o p o l o g i c a l  s o r t ­
i n g  P i P 2 ‘ * •pn"" The 8ene r a l  method i s  to  b r an c h  on a l l  p o s s i b l e  
c h o i c e s  o f  p^.
Such a b a c k t r a c k i n g  a l g o r i t h m  w i l l  have  t h e  b a s i c  s t r u c t u r e  shown in  
F ig u re  2 . 1 .  TOPSORTS(i) w i l l  g e n e r a t e  a l l  p e r m u t a t i o n s  o f  t h e  s e t  
{ 1 , 2 , . . . , n >  c o n s i s t e n t  w i t h  some p a r t i a l  o r d e r i n g  which b e g i n  w i th  
P l P 2 « * .Pi . - i*  On e n t r y  (and e x i t )  t o  TOPSORTS ( i ) , S ■ < 1 , 2 , . . . ,  n} -
( p 1, p 2 .......... ^ i - l ^  th e  s e t  ° f  i n t e g e r s  n o t  y e t  c o n s i d e r e d  f o r  the
c u r r e n t  c o n f i g u r a t i o n  be i n g  g e n e r a t e d ,  and c o n s i s t s  of  a l l  i n t e ­
g e r s  in  S which can be chosen  as  p^ w i t h o u t  c o n t r a d i c t i n g  th e  r e ­
s t r i c t i o n s  imposed by t h e  g iv en  p a r t i a l  o r d e r i n g .
2. 1.1 W e l l s '  a l g o r i t h m
The a l g o r i t h m  g iv e n  by W e l l s  [1971],  i s  shown in  F igu re  2 . 2 .  The 
i t e r a t i o n  q u a n t i f i e r  " f o r  p t  e M. do" ( l i n e  L8) s e l e c t s  the  e l em en t s  
o f  th e  s e t  1L in  a s c e n d i n g  n u m e r i c a l  o r d e r  and so the  t o p o l o g i c a l  
s o r t i n g s  w i l l  be g e n e r a t e d  in  n u m e r i c a l  ( l e x i c o g r a p h i c a l )  o r d e r .
In  i t s  o r i g i n a l  form,  W e l l s '  a l g o r i t h m  g e n e r a t e s  a new t o p o l o g i c a l
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p r o c e d u r e  TOPSORTS(i): 
b eg i n  I f  i  < n+1 th e n
f o r  Pt  e Mi  do
b e g i n  S : -  S -  (p^> ;
TOPSORTS(i+1); 
S: -  S U {p1 >;
end;  
e n d l f ; 
r e t u r n ;
F i g u r e  2. 1 The b a s i c  b a c k t r a c k i n g  a l g o r i t h m
s o r t i n g  e v e r y  t ime I t  I s  c a l l e d .  To p r o c e s s  each s o r t i n g  ( f o r  what 
e v e r  p u r p os e  i t  may be r e q u i r e d )  a main p rogram i s  used to  c a l l  t h i s  
p r o c e d u r e .  A s i m p l e  m o d i f i c a t i o n  to  the  o r i g i n a l  p r o c e d u r e  (which 
does  no t  a f f e c t  t i m e / s p a c e  c o m p l e x i t i e s  o r  th e  b a s i c  s t r u c t u r e  of  
t h e  a l g o r i t h m )  r e s u l t s  in  the  g e n e r a t i o n  p r o c e d u r e  becoming the 
"main program" and each t o p o l o g i c a l  s o r t i n g  i s  p r o c e s s e d  as  i t  i s  
g e n e r a t e d .  To i n d i c a t e  t h i s  c l e a r l y  we s h a l l  assume a macro c a l l e d  
PROCESS which w i l l  be Invoked each t ime a t o p o l o g i c a l  s o r t i n g  i s  
g e n e r a t e d .  We s h a l l  e x p l i c i t l y  i n c l u d e  c a l l s  o f  th e  form PROCESS(P), 
where P r e p r e s e n t s  th e  t o p o l o g i c a l  s o r t i n g  to  be p r o c e s s e d ,  in  a l l  
t h e  g e n e r a t i o n  a l g o r i t h m s  d i s c u s s e d .
In W e l l s '  a l g o r i t h m ,  t h e  p a r t i a l  o r d e r i n g  i s  r e p r e s e n t e d  by th e
a d j a c e n c y  s e t s  A^, j  -  1 , 2 .......... ... and i s  t h e  t r a n s p o s e  of  A^ ( i . e .
k < Aj <"> J e \  <“ > J Rk)" The p r o p e r t y  of  r e f l e x i v l t y  i s  ig n o r e d  
( i . e .  we assume x f  Ax ) and we can view and a s  the  s e t s  of  
e l e m e n t s  which must r e s p e c t i v e l y  f o l l o w  and p r e c e d e  e l em en t  j  In a 
t o p o l o g i c a l  s o r t i n g .
The a l g o r i t h m  u se s  s i g n i f i c a n t  impasse  d e t e c t i o n  to  compute dynamic­
a l l y  the  s e t  11^  of  e l em e nt s  which can  ap pe ar  i n  p o s i t i o n  i  i n  o r d e r  
t o  ex te nd  a p a r t i a l  p e r m u t a t i o n  p^p , . .  . p ^  i n t o  a t o p o l o g i c a l  s o r t ­
ing  P ■ P ^ 2 ' " "^n" F i r s t  of  a l l ,  no te  t h a t  e l ement  j  ca nno t  occupy 
p o s i t i o n s  1,2,  . . . ,  | 8^1 or  p o s i t i o n s  n - |A ^  | + l ,  n - |A  ^  | + 2 , . .  • , n  in  a 
t o p o l o g i c a l  s o r t i n g  s i n c e  t h e s e  p o s i t i o n s  a r e  r e s e r v e d  r e s p e c t i v e l y  
f o r  tho se  e l em e n t s  which  must p r e c e d e  and f o l l o w  j .  The precomputed
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p r o c e d u r e  GENERATE_W(A,B,n): 
b e x l n  S « -  {1, 2 , . . .  , n> ;  
f o r  j : -  1 t o  n do
b e g i n  0 ^ : -  { | B ^ | + 1 , | | + 2 .......... ...lA ^ I> end;
TO PSORTS_W ( 1 ) ;  
e n d ;
p r o c e d u r e  T0PS0RTS_W(1):
L I .  b e g i n  I f  1 -  n+1 the n  PROCESS (P) ;  
L2. e l s e  ; -  ( }; t 0;
L3.
L*.
L5* th e n  I f  t  -  1 th e n  r e t u r n .
L6.
L 7.
L8.
L9.
f o r  ] c S such t h a t  1 € Q, and H, n S -  { ) do 
i f  1 ■ n -  lAj I
e l s e  t i -  1; M1 : -  { j ) ;
e n d l l ;
e i . d i c ;
M  t  » 0 th e n  'J  {J> e n d l f ;
end ;  
f o r  p t  < do
b e g i n  S : -  S -  {p^} ;
L10.  TOPSORTS ( i + 1 ) ;
L U .  S ; -  S U {p^ >;
e n d ;
e n d l f : 
r e t u r n ;
F i g u r e  2 .2  W e l l s '  g e n e r a t i n g  a l g o r i t h m
s e t  Qj g i v e s  the p o s i t i o n s  n o t  so b l o c k e d  to  J .  A l s o ,  an e l e m e n t  J 
i s  a v a i l a b l e  f o r  use  in  p o s i t i o n  1 on ly  i f  a l l  e l em e n t s  which must 
p r e c e d e  i t  a l r e a d y  e x i s t  i n  th e  p a r t i a l  p e r m u t a t i  -n. The i t e r a t i o n  
q u a l i f i e r  a t  l i n e  L3 r e s t r i c t s  th e  e l em e n t s  o f  a c c o r d i n g  to
t h e s e  o b s e r v a t i o n s .  One f u r t h e r  Impasse d e t e c t i o n  i s  i n c o r p o r a t e d  
i n t o  t h i s  loop which c o n s t r u c t s  The t e s t  a t  l i n e  L4 as k s  i f  t h i s  
i s  the  l a s t  chance f o r  p l a c i n g  e l em en t  J ;  i f  so ,  i t  becomes the  s o l e  
e l ement  o f  M^  ( l i n e  L 6 J . I f  p o s i t i o n  i  i s  th e  l a s t  chance  f o r  yet
a n o t h e r  e l e m e n t  ( t e s t  a t  l i n e  L5 i s  s u c c e s s f u l ) ,  an impassu e x i s t s .  
In t h i s  c a s e ,  the  p r o c e d u r e  TOPSORTS_W(i) t e r m i n a t e s ,  c o n t r o l  i s  
p a s s e d  back to  TOPSORTS_W(i-l) ,  and the  n e x t  e l e m e n t  of  i s  s e ­
l e c t e d  as  p 1_ 1-
W e l l s '  a l g o r i t h m  w i l l  g e n e r a t e  t o p o l o g i c a l  s o r t i n g s  c o r r e c t l y  b u t ,  
as  we s h a l l  now show, i t  i s  no t  p a r t i c u l a r l y  e f f i c i e n t .  F i r s t l y ,  I t  
h a s  th e  l i m i t a t i o n  o f  b e i n g  a p p l i c a b l e  on ly  to  s e t s  of  e l e m e n t s  on 
which a n t i s y m m e t r i c ,  t r a n s i t i v e  b i n a r y  r e l a t i o n s  a r e  d e f i n e d .  Given 
an a r b i t r a r y  b i n a r y  r e l a t i o n ,  th e  c o n s t r u c t i o n  of  the  r e q u i r e d  t r a n ­
s i t i v e  c l o s u r e  a n d / o r  t h e  d e t e c t i o n  of  sy m m et r i e s  ( c y c l e s )  in  t h e  
r e l a t i o n  would r e q u i r e  an a d d i t i o n a l  p r c c e d u r -  of 0 ( n 3) t ime com­
p l e x i t y .  (We s h a l l  s e e  t h a t  th e  o t h e r  g e n e r a t i o n  a l g o r i t h m s  d i s c u s s ­
ed do n o t  have  t h i s  l i m i t a t i o n ) .  For a b i n a r y  r e l a t i o n  where a h i g h  
p r o p o r t i o n  o f  the  e l e m e n t s  a r e  r e l a t e d  to  one a n o t h e r ,  t h e  numbei of 
t o p o l o g i c a l  s o r t i n g s  w i l l  be s m a l l ,  and an 0 ( n 3 ) c l o s u r e  p r o c e d u r e  
may r e q u i r e  more t ime th a n  th e  a c t u a l  g e n e r a t i o n  p r o c e d u r e !
A nothe r  r e a so n  f o r  i n e f f i c i e n c y  in  th e  a l g o r i t h m  i s  t h e  e x c e s s i v e  
use  o f  impasse  d e t e c t i o n ;  most  of  th e  work i n v o l v e d  in  t e s t i n g  f o r  
imp asses  (and in  the  p r e c o m p u t a t i o n s  r e q u i r e d  f o r  t h i s  t e s t i n g )  i s  
u n n e c e s s a r y .  C o ns id e r  th e  t e s t  a t  l i n e  L5. I f  t h i s  t e s t  i s  s u c c e s s ­
f u l ,  t h e n  p o s i t i o n  1 i s  t h e  l a s t  chan ce  f o r  p l a c i n g  two d i s t i n c t  
e l e m e n t s ,  so an impasse  e x i s t s  and th e  p r o c e d u r e  " b a c k t r a c k s " . I f  
p o s i t i o n  i  i s  the  l a s t  chan ce  f o r  p l a c i n g  an e l ement  x,  t hen  a t  t h i s  
s t a g e ,  th e  s e t  S o f  e l e m e n t s  y e t  to  be a s s i g n e d  a p o s i t i o n  in  th e  
c u r r e n t  p a r t i a l  p e r m u t a t i o n  c o n s i s t s  of  x and a l l  e l e m e n t s  which 
must  f o l l o w  x,  i . e .  S -  Ax u (x> .  I f  p o s i t i o n  i  i s  a l s o  the l a s t
ch an ce  f o r  p l a c i n g  a n o t h e r  e l em e n t  y,  t hen s i m i l a r l y ,  S ■ Ay u ( y ) .
Th is  i m p l i e s  t h a t  x e Ay and y € Ax ( i . e .  yRx and xRy),  c o n t r a d i c t ­
ing  th e  an t i sy m m et ry  of  t h e  p a r t i a l  o r d e r i n g .  So t h i s  s i t u a t i o n  can  
n e v e r  e x i s t  and l i n e  L5 can  be r emoved.
I f  p o s i t i o n  1 i s  th e  l a s t  chance  f o r  p l a c i n g  some e l ement  x,  l i n e s  
L4, L6 and L7 a r e  used to  e n s u r e  t h a t  x becomes the  s o l e  e l ement  o f  
M1. Now th e  c o n d i t i o n  "3^ n S -  { }" i n  the  q u a n t i f i e r  a t  l i n e  L3 
w i l l  a l s o  e n s u r e  t h a t  e l e m e n t  x i s  the  s o l e  e l em e n t  of  ! V , s i n c e  a t  
t h i s  s t a g e ,  S * Ax u <x> and t h e r e f o r e  f o r  any y < S, y I1 x, y e Ax
and so x f (Bv n S) which means t h a t  y cann o t  be s e l e c t e d  as  a mem­
b e r  of  H , . So l i n e s  L4, L6 and 17 a r e  unnecr  s a r y .
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As we have  n o te d ,  e l ement  j  c a n no t  occupy p o s i t i o n s  1 , 2 , or  
p o s i t i o n s  n - | A j  !+l»r-“  |Aj 1+2, . . .  , n  and t h e  c o n d i t i o n  "1 e Qj" i n  l i n e  
L3 I s  used to  r e s t r i c t  t h e  c h o i c e  of  e l e m e n t s  f o r  a c c o r d i n g l y .
T h i s  c o n d i t i o n  i s  however ,  r e d u n d a n t .  S in c e  the  c o n d i t i o n  "B^ n S ■ 
< >" e n s u r e s  t h a t  e l ement  x w i l l  be the  s o l e  e l ement  o f  when 1 i s  
t h e  l a s t  chance f o r  p l a c i n g  x,  i t  a l s o  e n s u r e s  t h a t  e l em en t  x w i l l  
n e v e r  be c o n s i d e r e d  a s  a p o s s i b l e  c a n d i d a t e  f o r  p o s i t i o n s  n - | A X |+1, 
n - | A x | + 2 , . . . , n .  F ur th e rm o re ,  "By n S -  < >" w i l l  e n s u r e  t h a t  e l ement
x i s  n ev e r  c o n s i d e r e d  as  a p o s s i b l e  c a n d i d a t e  f o r  p o s i t i o n s  1 , 2 ..........
|Bx | , s i n c e  i f  we a r e  fo rming  t h e  s e t  f o r  any i  e < 1 , 2 , . . . , |Bx | }, 
t he  s e t  S, a t  t h i s  s t a g e ,  w i l l  c o n t a i n  a t  l e a s t  j B ^ + l - i  e l e m e n t s  of  
l ' x , i . e .  Bx n }. So we can  s i m p l i f y  l i n e  L3 t c
L3. f o r  J 6 S such t h a t  3^ n S ■ { } _do
By removing  the  u n n e c e s s a r y  impasse  t e s t s  we have  e l i m i n a t e d  th e  
need  f o r  th e  s e t s  , J ■ 1 , 2 , . . . , n  and hen c e  we do n o t  need t h e  ad­
j a c e n c y  s e t s  Aj any l o n g e r .
Note  t h a t  the  p r o c e d u r e  T0PS0RTSJ1 i s  c a l l e d  most o f t e n  when i  “ n, 
a t  which s t a g e  S c o n t a i n s  e x a c t l y  one e l e m e n t ,  and so i t  can be 
g r e a t l y  s i m p l i f i e d  f o r  t h i s  c a s e .  "By combin ing t h i s  f a c t  w i t h  the  
e l i m i n a t i o n  o f  a l l  t h a t  we have proved to  be r ed u n da n t  in  W e l l s '  
a l g o r i t h m  we o b t a i n  the  a l g o r i t h m  of  F i g u r e  2 . 3 .  As W e l l s  [1980] 
s t a t e s ,  t h i s . a l g o r i t h m  r e p r e s e n t s  a s i g n i f i c a n t  improvement  to ,  and 
a g e n e r a l i z a t i o n  o f ,  h i s  a l g o r i t h m .  I t  can be se en  t h a t  when u s in g  
t h i s  improved a l g o r i t h m ,  a t  each s t a g e  o f  t h e  p r o c e s s  of c o n s t r u c t ­
i n g  a t o p o l o g i c a l  s o r t i n g  p ^ p ^ , • «Pn» e l e m e n t  J i s  c o n s i d e r e d  f o r  
s e l e c t i o n  as  on ly  i f  B ^ n  S -  { >, t h a t  i s  on ly  i f  a l l  e l em en t s  
t h a t  p r e c e d e  j  i n  th e  p a r t i a l  o r d e r i n g  have  a l r e a d y  been s e l e c t e d .  
T h i s  i s  e x a c t l y  th e  method d i s c u s s e d  in  Ch ap te r  1 f o r  f i n d i n g  a 
s i n g l e  t o p o l o g i c a l  s o r t i n g ,  a f a c t  t h a t  i s  n o t  s u r p r i s i n g  s i n c e ,  as 
we n o t e d ,  i t  i s  t he  o n l y  method f o r  f i n d i n g  a t o p o l o g i c a l  s o r t i n g .  
The a l g o r i t h m  i n  F ig u re  2 . 3  g e n e r a t e s  a l l  t o p o l o g i c a l  s o r t i n g s  by 
u s i n g  t h i s  method in  c o n j u n c t i o n  wi th  b a c k t r a c k i n g .
T h i s  a l g o r i t h m  i s  more g e n e r a l  th a n  W e l l s '  a l g o r i t h m  in  the  se ns e  
t h a t  i t  can be a p p l i e d  to any a r b i t r a r y  b i n a r y  r e l a t i o n  R d e f i n e d  on 
( 1 , 2 , . . . , n > . Remember t h a t  W e l l s '  a l g o r i t h m  I s  a p p l i c a b l e  on ly  to  
b i n a r y  r e l a t i o n s  on { 1 , 2 , . . . , n)  t h a t  a r e  a n t i s y m m e t r i c ,  t r a n s i t i v e
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p r o c e ' t a r e  GENEKATE_1 (B ,n ) :
b e g i n  S : -  {1, 2.......... ...
TOPSORTS_I ( 1 ) ;
e n d :
p r o c e d u r e  TOPSORTS_I(1 ):
L I .  b e g i n  I f  1 -  n th e n  p ^ : -  s o l e  e l em en t  of  S; PROCESS(P) ;
L2. e l s e  f o r  < S such  t h a t  3p^ n S -  < > do
L 3. b e g i n  S: ■ S -  {p^} ;
LA. T0PS0RTS(1+1);
L5. S : -  S u {p^};
e n d :
e n d l f ; 
r e t u r n :
F i g u r e  2 . 3  An Improved g e n e r a t i n g  a l g o r i t h m
(and r e f l e x i v e )  -  i . e .  p a r t i a l  o r d e r i n g s .  The o n l y  r e a s o n  t h a t  the  
p r o p e r t y  o f  t r a n s i t i v i t y  I s  r e q u i r e d  I s  t h a t  th e  s i z e s  of  t h e  a d j a ­
cency  s e t s  Aj and t h e i r  t r a n s p o s e s  B. ,  J -  1 , 2 , . . . , n  a r e  needed  f o r  
d e t e c t i n g  im pa sse s .  The a l g o r i t h m  in  F ig u re  2 . 3 ,  on t h e  o t h e r  hand,  
do es  n o t  employ t h e s e  impasse  d e t e c t i o n  t e c h n i q u e s .  So f i r s t l y ,  any 
b i n a r y  r e l a t i o n  R whose t r a n s i t i v e  c l o s u r e  i s  a p a r t i a l  o r d e r i n g  can 
be  used in  t h i s  a l g o r i t h m  i n s t e a d  o f  th e  p a r t i a l  o r d e r i n g  i t s e l f .
S econd ly ,  i f  R i s  a b i n a r y  r e l a t i o n  whose t r a n s i t i v e  c l o s u r e  R* i s  
n o t  a p a r t i a l  o r d e r i n g ,  then  R c o n t a i n s  one o r  more c y c l e s .  Suppose 
f o r  t h e  moment t h a t  R c o n t a i n s  e x a c t l y  one c y c l e ; t h i s  means t h e r e  
l a  some i n t e g e r  k > 1 and a s u b s e t  ( c ^ . c  , . . .  ,c,^} of  <1, 2, . . . , n }  
such  t h a t  c 1 ^ 2 ' ^ 2 * ^ 3 '  '  "  ani* ck ^ c l ’ and t h e r e f o r e  c ^R*c,
and c^R*c1 and so t h e r e  i s  no p o s s i b l e  way to  s o r t  ( 1 , 2 , . . . ,n> t opo ­
l o g i c a l l y .  Now u s i n g  th e  a l g o r i t h m  in F ig u re  2 .3 ,  when TOPSORTS_I(1) 
i s  c a l l e d  f o r  1 -  n + l - k ,  we have  S -  {c t , c c . ^  ) .  S in ce  none of 
th e  c ^ ' s  s a t i s f i e s  th e  r e q u i r e m e n t  to  be s e l e c t e d  as  Pn+1_l.» the  
loo p  of  l i n e s  L2, L3 and LA i s  n e v e r  e x e c u t e d ,  so TOPSURTS_I ( i )  i s  
n e v e r  c a l l e d  f o r  1 ■ n + 2 - k , n + 3 - k , . . . ,n and th e  a l g o r i t h m  c o r r e c t l y  
t er m in at es  without  g en er a t in g  any permutat ions .  S im i l a r l y  i f  R con­
t a i n s  more tha n  one c y c l e  then  TOPSORTS_I ( i )  w i l l  n o t  be c a l l e d  f o r  
1 > n+l-tn,  where m i s  th e  t o t a l  number o f  e l em e n t s  l y i n g  on c y c l e s .
I t  i s  i n t e r e s t i n g  to  n o t e  t h a t  i f  t h e  c o n d i t i o n  "Bp^ n S -  { }" i s
removed from t h e  i t e r a t i o n  q u a n t i f i e r  in  l i n e  L2 of  t h i s  a l g o r i t h m ,  
what  we a r e  l e f t  w i t h  i s  s imply  an a l g o r i t h m  which g e n e r a t e s ,  i n  i n ­
c r e a s i n g  l e x i c o g r a p h i c a l  o r d e r ,  a l l  t h e  n! p e r m u t a t i o n s  of the  s e t  
( 1 , 2 , . . . , n > .  W e l l s  [1971]  i n  f a c t  p r e s e n t s  t h i s  p e r m u t a t i o n  g e n e r a ­
t i o n  a l g o r i t h m ,  and a l t h o u g h  he dot s no t  ap p l y  i t  to th e  t o p o l o g i c a l
s o r t i n g  p rob lem,  he makes th e  p o i n t  t h a t  t h i s  b a s i c  p e r m u t a t i o n
g e n e r a t i o n  a l g o r i t h m  can be r e a d i l y  m o d i f i e d  to g e n e r a t e  pe r m ut a ­
t i o n s  s u b j e c t  to  v a r i o u s  r e s t r i c t i o n s  by i n c l u d i n g  th e  r e q u i r e d  
c o n d i t i o n s  in  i ,ie I t e r a t i o n  q u a n t i f i e r .
2 . 1 . 2  The K n u t h - S z w a r c f i t e r  a l g o r i t h m
Knuth and S z w a r c f i t e r  [19741 p r e s e i  t  a g e n e r a t i n g  a l g o r i t h m  t h a t  h as
t h e  i d e n t i c a l  b a s i c  s t r u c t u r e  of  t h e  a l g o r i t h m  in  F ig u re  2 .3 .  Like
t h e  a l g o r i t h m  i n  F i g u r e  2 . 3  i t  g e n e r a t e s  a l l  t o p o l o g i c a l  s o r t i n g s  
by combining b a c k t r a c k i n g  t e c h n i q u e s  w i th  t h e  method g i v e n  in  Chap­
t e r  1 f o r  f i n d i n g  a s i n g l e  t o p o l o g i c a l  s o r t i n g .  There  i s  however one 
i m p o r t a n t  d i f f e r e n c e  between  the  two a l g o r i t h m s .  Co ns id e r  th e  s t a g e  
i n  t h e  p r o c e s s  o f  g e n e r a t i n g  a t o p o l o g i c a l  s o r t i n g  where the  p a r t i a l  
p e r m u t a t i o n  p ^ p ^ . • has  been c o n s t r u c t e d ,  and S -  {1, 2, . . . ,  n}~ 
{ p l » P 2 » ’P i - i *  c o n t a i n s  th o se  e l em e n t s  no t  ye t  s e l e c t e d  f o r  t h i s  
c u r r e n t  c o n f i g u r a t i o n .  In o r d e r  to  f i n d  a l l  p o s s i b l e  c h o i c e s  f o r  p^,  
t h e  a l g o r i t h m  of F ig u re  2 .3  s e a r c h e s  th ro u g h  S s e l e c t i n g  th o se  e l e ­
men ts  t h a t  have  no p r e d e c e s s o r s  in  the  p a r t i a l  o r d e r i n g  o t h e r  than  
(p  1 »P2 » • * • The Knuth -Szwarc f  i t e r  a l g o r i t h m ,  on th e  o t h e r
hand ,  m a i n t a i n s  a l i s t  ^  t h a t  c o n t a i n s ,  a t  each  s t a g e ,  p r e c i s e l y  
t h o s e  e l em en t s  t h a t  have no p r e d e c e s s o r s  in  the  p a r t i a l  o r d e r i n g  
o t h e r  than  ( p ^ . p  , , • • • ,p ^  >• By m a i n t a i n i n g  t h i s  l i s t  M, th e  Knuth-  
Szwarcf  i t e r  a l g o r i t h m  avo i ds  th e  need to  make a b r u t  e - f o r c e  s e a r c h  
t h r o u g h  S a t  av e r y  s t a g e  of th e  g e n e r a t i o n  p r o c e s s  in  o r d e r  to  f i n d  
a l l  t h e  p o s s i b l e  c h o i c e s  f o r  p ^ , and as  a r e s u l t  i t  i s  on th e  o r d e r  
o f  n t i m es  f a s t e r  th a n  the  a l g o r i t h m  in  F ig u re  2. 3.
The Knuth-Szwarc f  i t e r  a l g o r i t h m  i s  shown in  F ig u re  2 . 4 .  P ro ce dur e  
TOPSORTS_KS(i) as sumes t h a t  f o r  a l l  e l em e n t s  y in  S -  ( 1 , 2 , . . . , n ) ~  
{p p  p.,, . . .  , p  } the  c u r r e n t  v a l u e  o f  a g l o b a l  v a r i a b l e  COUNT [y] i s
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p r o c e d u r e  GENERATE_KS(R,n); 
b e g i n  S :«  { 1 , 2 , . . . , n ) ;
M:- ( y | t h e r e  i s  no x in  S such  t h a t  xRy};
TOPSORTS_KS(l);
e n d :
p r o c e d u r e  TOPSORTS_KS(1) :
b e g i n  1 -  n th e n  P [n] -  s tole e l e m e n t  of  M; PROCESS (P) ;  
e l s e  f o r  j  e II do
b e g i n  e r a s e  a l l  p a i r s  o f  the  form JRk ;
M i l : -  j :
TOPSURTS_KS(i+l );
r e t r i e v e  a l l  p a i r s  of  th e  form JRk;
e n d ;
e n d i f ; 
r e t u r n ;
F i g u r e  2 . 4  The K n u t h - S z w a r c f i t e r  g e n e r a t i n g  a l g o r i t h m
t h e  number of  o r d e r e d  p a i r s  xRy f o r  x i n  S, t h a t  i s  COUNT [y1 i s  the
number o f  p r e d e c e s s o r s  o f  y o t h e r  t h a n  <p^ . P^* • • • • P  ^ and t h e  1-i 3 t
M c o n t a i n s  p r e c i s e l y  th o s e  e l e m e n t s  y i n  S such t h a t  COUNT[y] -  0.
The e x e c u t i o n  of  T0PS0RTS_KS(i+l) may ca us e  t e mp o ra r y  changes  to  the  
c o n t e n t s  o f  M and a r r a y  COUNT, b u t  b o th  a r e  r e s t o r e d  to  t h e i r  e n t r y  
v a l u e s  upon e x i t .  The a r r a y  P c o n t a i n s  each t o p o l o g i c a l  s o r t i n g  as 
i t  i s  g e n e r a t e d ,  t h a t  i s  P [ i ]  "  p  ^ f o r  1 ■ 1 , 2 , . . . , n «
When t h e  o p e r a t i o n  " e r a s e  a l l  p a i r s  of  th e  form JRk" i s  e x e c u t e d ,  
COUNT[k] i s  d e c r e a s e d  by 1 f o r  each  e l e m e nt  k such  t h a t  JRk,  and
th o s e  e l em e n t s  f o r  which COUNT[k] d r o p s  to  ze ro  a r e  added to  the
l i s t  M. C o n v e rs e ly ,  when t h e  o p e r a t i o n  " r e t r i e v e  a l l  p a i r s  of  the 
form JRk" i s  ex e c u t e d ,  COUNT[k] i s  I n c r e a s e d  by 1 f o r  each e l ement  k 
such  t h a t  JRk, and th o se  e l e m e n t s  f o r  which COUNT[k] I s  now 1 a r e  
removed from M.
As in  t h e  case  of  the  a l g o r i t h m  of  F i g u r e  2 .3 ,  th e  E n u t h - S z w a r c f i t e r  
a l g o r i t h m  i s  a p p l i c a b l e  to any b i n a r y  r e l a t i o n  R d e f i n e d  on th e  se t
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< 1 , 2 , . . . , n ) e Knuth and S z w a r e f i t e r  [1974] g ive  an  e f f i c i e n t  mach ine -  
o r i e n t e d  / e r s i o n  of  t h e i r  a l g o r i t h m ,  in  which t h e  r e c u r s i o n  i s  e l i ­
m in a te d  .
2. 1. 2. 1 Time co m p le x i ty
Suppose a b i n a r y  r e l a t i o n  R d e f i n e d  on ( 1 , 2 ,  . . . , n >  c o n s i s t s  of  m 
p a i r s  of  the  form iS J .  For each t o p o l o g i c a l  s o r t i n g  g e n e r a t e d ,  th e  
p r o c e d u r e  TOPSORTS_KS i s  c a l l e d  a t  most  n t i m e s ,  and in  th e  p r o c e s s  
a t  most  a l l  m o f  the  p a i r s  iRJ a r e  e r a s e d  and s u b s e q u e n t l y  r e ­
t r i e v e d .  So t h e  a l g o r i t h m  t a k e s  a t  most  0(nrh>) t im e  p e r  t o p o l o g i c a l  
s o r t i n g  g e n e r a t e d .
Now l e t  us b r i e f l y  look a t  th e  b e h a v i o u r  of m. The maximum v a l u e  
t h a t  m can be i s  ( n " - n ) / 2 ;  t h i s  happens  when t h e  g iv en  p o s e t  i s  a 
c h a i n ,  and i n  t h i s  case  O(n^)  t ime w i l l  be r e q u i r e d  to  g e n e r a t e  th e  
s i n g l e  p e r m u t a t i o n  t h a t  w i l l  be  a t o p o l o g i c a l  s o r t i n g .
I f  t h e  g iv e n  p o s e t  i s  c o m p l e t e l y  u n o r d e r e d ,  m i s  a t  i t s  minimum v a l ­
ue o f  z e r o ,  and the  n! t o p o l o g i c a l  s o r t i n g s  w i l l  each  be g e n e r a t e d  
i n  0 ( n )  t im e .
In g e n e r a l ,  f o r  t o p o l o g i c a l  s o r t i n g  p roblems wher e  t ,  t h e  number of  
s o l u t i o n s ,  i s  r e l a t i v e l y  c l o s e  to  n l ,  m t e nds  to  be s m a l l ;  and f o r  
p ro b le m s  where t  i s  ve ry  much s m a l l e r  tha n  n l , m t e n d s  to  be l a r g e .  
So i n  g e n e r a l ,  t h e  h i g h e r  t h e  r a t i o  o f  t  to n l ,  t h e  more e f f i c i e n t l y  
t h e  s o l u t i o n s  a r e  g e n e r a t e d .
I t  s h o u l d  be s t r e s s e d  t h a t  t h i s  i s  a v e r y  g e n e r a l  r u l e  and i t  i s  no t  
a lways t r u e ,  b ec a u s e  a p o s e t  may be r e p r e s e n t e d  by any s p a n n in g  su b­
g raph  ( i . e .  b i n a r y  r e l a t i o n )  t h a t  p r e s e r v e s  r e a c h a b i l i t y  ( s e e  p . 2) ,
and so t h e  v a l u e  of  m may v a r y  f o r  d i f f e r e n t  i n s t a n c e s  o f  t h e  same
t o p o l o g i c a l  s o r t i n g  p rob lem.
2 .2 A n o n - b a c k t r a c k i n g  a l g o r i t h m
For  a t o p o l o g i c a l  s o r t i n g  p rob lem on th e  s e t  ( 1 , 2 ,  . . . , n )  f o r  which
th e  p e r m u t a t i o n  1 2 . . . n i s  a s o l u t i o n ,  Varol  and Rotem [1977] g ive  an
a l g o r i t h m  t h a t  w i l l  g e n e r a t e  a l l  o t h e r  s o l u t i o n s  by a p p l i c a t i o n  of a 
s e r i e s  of  a d j a c e n t  t r a n s p o s i t i o n s  and c y c l i c  r i g h t - r o t a t i o n s .
In  g e n e r a l ,  t h e  p e r m u t a t i o n  1 2 . . . n i s  no t  n e c e s s a r i l y  a s o l u t i o n  to 
a t o p o l o g i c a l  s o r t i n g  prob lem on n e l e m e n t s ,  and t h e r e f o r e  a renam­
i n g  p r o c e s s  i s  used to  t r a n s f o r m  t h e  problem i n t o  an e q u i v a l e n t  p r o ­
blem h a v i n g  t h e  p e r m u t a t i o n  1 2 . . . n among i t s  s o l u  . i o n s .  I f  R i s  a 
p a r t i a l  o r d e r i n g  d e f i n e d  on a s e t  o f  n e l e m e n t s ,  and p ^ p . . * < p n i s
any p e r m u t a t i o n  c o n s i s t e n t  w i th  R, then  renaming  the  e l e m e n t s  w i t h
t h e i r  l o c a t i o n s ,  t h a t  i s  *> 1, and t r a n s l a t i n g  t h e  r e l a t i o n  R
a c c o r d i n g l y ,  t h a t  i s  p^Rp^ ■> I Rj ,  g i v e s  th e  r e q u i r e d  t r a n s f o r m a ­
t i o n .  We c a l l  : h i s  t o p o l o g i c a l  s o r t i n g  t h a t  i s  renamed 1 2 . . . n  the  
s t a r t i n g  s o l u t i o n  f o r  th e  g iv e n  t o p o l o g i c a l  s o r t i n g  p roblem.  The
s t a r t i n g  s o l u t i o n  f o r  a t o p o l o g i c a l  s o r t i n g  p rob lem may be o b t a i n e d
by an a p p l i c a t i o n  of  th e  method f o r  f i n d i n g  one t o p o l o g i c a l  s o r t i n g  
d e s c r i b e d  i n  C h a p te r  1.
Giv en  a p e r m u t a t i o n  of  { 1 , 2 , . . . , n >  c o n s i s t e n t  w i t h  th e  p a r t i a l  
o r d e r i n g  R, we say t h a t  an e l em en t  i  i s  b lo c k e d  ( f rom moving r i g h t ­
w ard s )  i f  IRj  f o r  j  t h e  r i g h t - h a n d  n e i g h b o u r  of  1, or  i f  1 la  th e  
r i g h t - m o s t  e l e m e n t  i n  th e  p e r m u t a t i o n .  I f  p^p v . . p ^  i s  a pe rmu ta ­
t i o n  c o n s i s t e n t  wi th  R, then  th e  t r a n s p o s i t i o n  of  th e  a d j a c e n t  e l e ­
ment s  p^ and P^+ j w i l l  v i o l a t e  th e  p r e c e d e n c e  imposed by R i f  and
o n l y  i f  P^RPi+i  and t h e r e f o r e  t r a n s p o s i n g  an e l ement  p^ wi th  i t s
r i g h t - h a n d  n e i gh bo u r  p ^  w i l l  y i e l d  a new t o p o l o g i c a l  s o r t i n g  i f  
and on ly  i f  i s  n o t  b lo c k e d .  Thi s  p r i n c i p l e  i s  used to  g e n e r a t e  
a l l  t o p o l o g i c a l  s o r t i n g s ,  g iv e n  t h e  s t a r t i n g  s o l u t i o n  p ^ p , , . . . p^  -
1 2 . . .n as  f o l l o w s .
Suppose we hav e  a t o p o l o g i c a l  s o r t i n g  of  the  n-1 e l e m e n t s  2, 3 , . . . , n . 
From i t  we can  c o n s t r u c t  a l l  t h e  t o p o l o g i c a l  s o r t i n g s  of 1 , 2 , . . . , n  
i n  which  th e  e l em e n t s  2 , 3 , . . . , n  r ema in  f i x e d  r e l a t i v e  to  one a n o t h e r  
by p l a c i n g  e l em en t  I on t h e  l e f t - h a n d  s i d e  of  th e  t o p o l o g i c a l  s o r t ­
in g  o f  2 ,3,  . . . , n  and th e n  moving 1 r i g h t w a r d s  by a s e r i e s  o f  a d j a ­
c e n t  t r a n s p o s i t i o n s ,  u n t i l  i t  i s  b lo c k e d .  A c y c l i c  r i g h t - r o t a t i o n  
i s  th e n  pe r fo rmed  on th e  su b se q u e n c e  c o n s i s t i n g  of  1 and a l l  the 
e l e m e n t s  to i t s  l e f t ,  r e s u l t i n g  in  1 b e i n g  p la c e d  back on the  l e f t  
a t  i t s  s t a r t i n g  p o s i t i o n .  The n e x t  t o p o l o g i c a l  s o r t i n g  of  2, 3, . . .  , n 
i s  formed,  e l eme nt  1 i s  moved r i g h t w a r d s  a g a i n  u n t i l  i t  i s  b lo ck ed  
and a c y c l i c  r i g h t - r o t a t i o n  i s  p e r fo rm ed ,  and so f o r t h .
A l l  t o p o l o g i c a l  s o r t i n g s  of  2 , 3 , • . • ,n  a r e  formed in  t h e  same way 
u s i n g  each of  the  t o p o l o g i c a l  s o r t i n g s  of  3 , * , . . . , n  t h r o u g h  which to
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p r o c e d u r e  GENERATE_V (R,n ) :
b e g i n  compute  one t o p o l o g i c a l  s o r t i n g  p ^ p „ . . . p ^ ;
t r a n s l a t e  R so t h a t  each p^Rp^ becomes i R j ; 
TOPSORTS_V;
e n d ;
p r o c e d u r e  TO PS ORT S_V:
b e g i n  f o r  i : -  1 t o  n do P [ i ] : -  LOG[ 1 ] : -  i ;
PROG ESS(P);
1 i -  I ;
w h i l e  1 < n do
b e g i n  i £  i  i s  not  b l oc k ed
th e n  j : •  r i g h t - h a n d  n e i g h b o u r  o f  1; 
t r a n s p o s e  i  and J ;
L 0 C [ 1 ] : -  L O O [ i ] + l ; i : -  1;
PROCESS(P); 
e l s e  ROTATE( 1 ) ;
LOG [ i ] : -  1 ;  i : -  1+1;
e n d l f :
e n d ;
r e t u r n ;
F i g u r e  2 .5  V a r o l ' s  g e n e r a t i n g  a l g o r i t h m
move e l e m e n t  2. T h i s  p r o ce ss  i s  r e p e a t e d  f o r  t h e  t o p o l o g i c a l  s o r t ­
i n g s  o f  3, 4 , . . .  , n ,  t h e  t o p o l o g i c a l  s o r t i n g s  of  4, 5 , . . . , n and so on 
up to  the  s i n g l e  t o p o l o g i c a l  s o r t i n g  of  th e  e l e m e n t  n.
T h i s  a l g o t  ' i i s  shown in  F ' tiu r e  2 .5 The a r r a y  P I n i t i a l ! ,  con­
t a i n s  th e  p e r m u t a t i o n  1 2 . . . n,  and the  a r r a y  LOG i s  used to  g i v e ,  a t  
e a c h  s t a g e ,  th e  l o c a t i o n  of e l ement  k,  f o r  a l l  k < i .
We assume t h a t  we hav e  a pr im i t  i ' .e o p e r a t i o n  "ROTATE ( i ) "  which p e r ­
fo rms  a c y c l i c  r i g h t - r o t a t l o n  o f  the  e l e m e n t s  P [ i ] , P [ i + 1 ] , ............,
P[LOG [ 1]]  -  i .  In o t h e r  words , "ROTATE(i)" e q u i v a l e n t  to
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n : -  LOG [ i ] ; 
w h i l e  m > i  do
b e g i n  P [m ] : -  P [m-L] j 
m:- d-1 ;
e n d ;
P [ i ] s -  1 ;
T h i s  o p e r a t i o n  can be pe r f o rm ed  v e r y  e f ‘ on some co m pu te r s ,
a l t h o u g h ,  of  co u r s e ,  i t  w i l l  g e n e r a l s  j o r e  e f f i c i e n t  th a n  a
t r a n s p o s i t i o n  o f  a d j a c e n t  e l e m e n t s ,  s i .  . such  a t r a n s p o s i t i o n  i s  
e q u i v a l e n t  to  a c y c l i c  r i g h t - r o t a t i o n  o f  a se qu enc e  o f  two e l e m e n t s .
C o n s i d e r  f i n d i n g  a l l  p e r m u t a t i o n s  o f  the  s e t  S -  { a , b , c , d , e >  s u b j e c t  
to t h e  c o n s t r a i n t s  aRd, bRd, and eRa.  One such p e r m u t a t i o n  i s  b ec ad .  
By u s i n g  t h i s  p e r m u t a t i o n  as  tn e  s t a r t i n g  s o l u t i o n ,  we r e f o r m u l a t e  
th e  p rob lem a s :  S t a r t i n g  w i th  th e  p e r m u t a t i o n  12345, g e n e r a t e  a l l
o t h e r  p e r m u t a t i o n s  c o n s i s t e n t  w i th  th e  p a r t i a l  o r d e r i n g  R c h a r a c t e r ­
i z e d  by th e  p a i r s  1R5, 2R4 and 4R5. The seq uence  o f  p e r m u t a t i  
g e n e r a t e d  i s  shown i n  F ig u re  2 . 6 .  The s t a r r e d  p e r m u t a t i o n s  a r e  r e ­
d un d an t  s o l u t i o n s  p roduced  as  a r e s u l t  of  th e  c y c l i c  r i g h t - r o t a t  ions  
and a r e  n o t  p as sed  t h r o u g h  t h e  PROCESS m arc o .
12345 becad
21345 ebcad
23145 ecbad
23415 ecabd
*12345
13245 bcead
31245 cbead
32145 cebad
32415 ceabd
*13245
*12345
12435 beacd
21435 ebacd
24135 eabcd
24315 eacbd
*12435
*12435
12453 beadc
21435 ebadc
24153 eabdc
*12453
*12453
*12345
*12345
Fi g u r e  2 .6 S o l u t i o n s  g e n e r a t e d  by V n r o l ' s  a l g o r i t h m
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2 .2 .  T ine c o m p le x i ty
F i r s t l y ,  f i n d i n g  a s t a r t i n g  s o l u t i o n ,  and t r a n s l a t i n g  t h e  p a r t i a l  
o r d e r i n g  a c c o r d i n g l y ,  w i l l  c l e a r l y  t a k e  O(nrt-n) t i m e ,  f o r  m t h e  num­
b e r  of  p a i r s  i R j •
Now su ppo se  we apply  the  a l g o r i t h m  to  a t o p o l o g i c a l  s o r t i n g  problem
on t h e  s e t  < 1 ,2  n> f o r  which t h e r e  a r e  t  s o l u t i o n s ,  and t h a t  in
t h e  p r o c e s s  of  g e n e r a t i n g  t h e s e  s o l u t i o n s ,  r  c y c l i c  r i g h t - r o t a L i o n s  
a r e  e x e c u t e d .  From F ig ur e  2 .5  i t  can be e a s i l y  seen  t h a t  t h e  t o t a l  
t im e  r e q u i r e d  by t h e  a l g o r i t h m  w i l l  be c ^ r  + c ^ t ,  f o r  some c o n s t a n t s  
Cl and c 2 • Varol  and Roten [1977] show t h a t  r  < n t ,  by n o t i n g  t h a t
t h e r e  can be a t  most  n-1 s u c c e s s i v e  r o t a t i o n s  a f t e r  the  g e n e r a t i o n
of  each  t o p o l o g i c a l  s o r t i n g ,  and in  f a c t  t h i s  w o r s t - c a s e  s i t u a t i o n  
h ap p e n s  on ly  a f t e r  th e  g e n e r a t i o n  of  t h e  f i n a l  t o p o l o g i c a l  s o r t i n g .  
T h e r e f o r e  c ^ r  + c 2 t  < t ( c ^ n  + c 2) and hence t h e  a l g o r i t h m  t a k e s  a t
most  0 ( n )  t ime p e r  s o l u t i o n  g e n e r a t e d  ( e x c e p t  f o r  t h e  s t a r t i n g  s o l u ­
t i o n ) .
We s h a l l  now c o n s i d e r  a more d e t a i l e d  a p p r o a c h  to  a n a l y s i n g  t h i s  
a l g o r i t h m  in  o r d e r  to  f i n d  a more r e f i n e d  upper  bound un r ,  t h e  num­
b e r  of  r o t a t i o n s .
n
Lemma 2. 1 £ i t  -  a ^ . n l  where 1 < a n < 3/2 .
i . - l
n
P r o o f : For n > 1, l e t  Sn -  ][ i t  -  a n . n l
1-1
Then Sn ■ + nt
a n - l * ( " " 1 ) !  + nt
-  ( +  I ) . n I
By i n s p e c t i o n  a^ -  1, a 2  “ a 3 “ aru* a4 
For  n > 4, assume t h a t  a ^  < a n _2 » Then
11 /8  < .
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t h a t  I s  a., < un_ p  and t h e r e f o r e  by i n d u c t i o n  th e  r e s u l t  f o l l o w s .
(Q. E . D . )
During  th e  e x e c u t i o n  of  t h e  a l g o r i t h m ,  each t ime t h a t  an e l em en t  1 
i s  b lo ck ed  f rom moving r i g h t w a r d s ,  a c y c l i c  r i g h t - r o t a t i o n  i s  exe ­
c u t e d  by an i n v o c a t i o n  of  ROTATE ( i ) ,  and we c a l l  such a r o t a t i o n  an 
i - r o t a t i o n . S ince  an e l em en t  1 i s  moved r i g h t w a r d s  and s u b s e q u e n t l y  
r o t a t e d  back to  p o s i t i o n  1 once f o r  ev e r y  a r r a n g e m e n t  o f  t h e  e l e ­
men t s  { t + 1 , i + 2 , . . .  ,n> which i s  c o n s i s t e n t  w i th  th e  g i v e n  p a r t i a l  o r ­
d e r i n g ,  th e  t o t a l  number r^ o f  1 - r o t a t i o n s  i s  eq u a l  to  th e  number of  
t o p o l o g i c a l  s o r t i n g s  o f  <1+1 , i + 2 , . .  , n ) .  T h e r e f o r e  th e  t o t a l  number 
of  r o t a t i o n s  ex e cu t ed  i n  the  p r o c e s s  of g e n e r a t i n g  a l l  t o p o l o g i c a l  
s o r t i n g s  of  ( 1 , 2 , . . . , n )  i s
n-1
i - i
n - l
-  7 (number of  t o p o l o g i c a l  s o r t i n g s  o f  { i + 1 , 1 + 2 , . . . , n > )
1-1
The s m a l l e s t  p o s s i b l e  v a l u e  t h a t  r ^ ,  t he  number of  t o p o l o g i c a l  s o r t ­
i n g s  o f  { i + 1 , 1 + 2 , . . . , n ) ,  can be  i s  r 1 + l , which w i l l  o cc u r  in  the
ca s e  when -IRj f o r  a l l  J -  1 + 2 , 1 + 3 , . . .  , n ,  t h a t  i s  i f  e l eme n t  i+1
must  p r e c e d e ,  i n  th e  p a r t i a l  o r d e r i n g  R, e v e r y  h i g h e r  numbered e l e ­
ment .  The l a r g e s t  p o s s i b l e  v a l u e  t h a t  r ^  can be i s  ( n - i ) r 1+l whi :h  
w i l l  o cc ur  when i+ lX j  f o r  a l l  j  -  i + 2 , i + 3 ,  • • • ,n  t h a t  i s  i f  e l emen t  
1+1 can be p l a c e d  on the  r i g h t  of  e v e r y  h i g h e r  numbered e l ement  
w i t h o u t  c o n t r a d i c t i n g  the  r e s t r i c t i o n s  of R. T h e r e f o r e  we have  th e  
c o n d i t i o n s :
1) r ^ / ( n - i )  < r 1+1 < r 1 f o r  1 -  0, 1 ,2 ,  . . . , n - 2
2 > r n - l  "  1
where r ^  -  t  i s  t h e  t o t a l  number of  t o p o l o g i c a l  s o r t i n g s  g e n e r a t e d  
by the  a l g o r i t h m .  The l a r g e s t  p o s s i b l e  of  r ,  l e t  us c a l l  i t  r n a x , 
o c c u r s  f o r :
1) r t  -  t  f o r  i  < n-k
2) r t  -  ( n - i ) l  f o r  1 > n-k
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where k i s  the  I n t e g e r  s a t i s f y i n g  k! < t  < (k +1 )1
i f  k < n - l
n - k -1  n - l
r max m I  1  +  I  (n -1 )1
1-1 1 -n -k
n- k -1  k
- I t  + i  11 
1-1  1-1
-  ( n - k - 1 ) t  + a ^ . k !  by Lemma 2 .1
So the  maximum number of  r o t a t i o n s  p e r  s o l u t i o n  g e n e r a t e d  i s
y -  ( n - k - 1 )  + a ^ . k l / t  < n - k - 1  + a% < n -k  + 1/2 ( 2 .1 )
i f  k -  n - l .  n
( 1 )  k -  n - l  when t  -  n l / 2 ,  t h a t  i s  when t h e r e  i s  e x a c t l y  one
p a i r  iRj  i n  the  p a r t i a l  o r d e r i n g .
( 2 )  k -  n when t  -  n l ,  t h a t  i s  when th e  p a r t i a l  o r d e r i n g  i s
empty.
n - l  n - l
In e i t h e r  c a s e ,  r max -  , ( n - l ) 1 -  T i l
1-1 1-1
-  a n_ 1 . ( n - l ) l  by Lemma 2.1
So the  maximum n'lmber of  r o t a t i o n s  per  s o l u t i o n  g e n e r a t e d  i s
( ‘ a n - l ' - ^  f o r  k -  n - l
an - l * 4  f o r  k -  n
(2 . 2 )
From ( 2 . 1 )  and ( 2 . 2 )  we have f i r s t l y  t h a t  th e  number of  r o t a t i o n s  
per  s o l u t i o n  la s t r i c t l y  l e s s  t h a t  n and so,  as  we have a l r e a d y  
se en ,  t h e  a l g o r i t h m  r e q u i r e s  0 ( n )  t ime p e r  s o l u t i o n  g e n e r a t e d .
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S eco n d ly ,  as  t  a p p r o a ch es  n ! , k a p p r o a ch es  n,  so th e  maximum number 
of  r o t a t i o n s  per  s o l u t i o n  d e c r e a s e s ,  and c o n s e q u e n t l y  th e  t o t a l  t ime 
p e r  s o l u t i o n  d e c r e a s e s .  In f a c t  f o r  th e  two h i g h e s t  v a l u e s  t h a t  t  
can assume,  namely n l / 2  and n ! , t h e  maximum number of  r o t a t i o n s  per  
s o l u t i o n  -  and t h e r e f o r e  t h e  t o t a l  t ime p e r  s o l u t i o n  -  I s  0 ( 1 / n ) .
So I t  f o l l o w s  t h a t  the  a l g o r i t h m  g e n e r a t e s  s o l u t i o n s  most  e f f i c i ­
e n t l y  f o r  p rob lems  where t  i s  r e l a t i v e l y  c l o s e  to  n ! ,  t h a t  i s  when 
t / n l ,  t h e  r a t i o  o f  t o p o l o g i c a l  s o r t i n g s  to t h e  t o t a l  number of  p e r ­
m u t a t i o n s ,  i s  l a r g e ;  and i t  g e n e r a t e s  s o l u t i o n s  l e a s t  e f f i c i e n t l y  
f o r  p rob lems  where t / n !  i s  s m a l l .
So f a r  we have  a n a ly s e d  V a r o l ' s  a l g o r i t h m  assuming  the  e x i s t e n c e  of 
a p r i m i t i v e  o p e r a t i o n  ROTATE which p e r fo rm s  a c y c l i c  r i g h t - r o t a t i o n  
on a se qu enc e  of  a d j a c e n t  e l e m e n t s  in  c o n s t a n t  t i m e .  We now show 
t h a t  i f  no such  p r i m i t i v e  o p e r a t i o n  e x i s t s ,  and ROTATE i s  imple ­
mented by a p r o c e d u r e  t h a t  r e q u i r e s  t i n e  p r o p o r t i o n a l  to  th e  l e n g t h  
o f  th e  sequen ce  be in g  r o t a t e d ,  th e n  th e  o r d e r  o f  c o m p le x i ty  of  the  
a l g o r i t h m  does  n o t  change .
Suppose t h a t  the  ROTATE o p e r a t i o n  i s  implemented by th e  p r o c e d u re
p r oc e d u re  ROTATE(i): 
bep.ln m : -  LOG [ i ] ;
w h i l e  n > 1 do
b e g i n  P [ m ] : -  P[m-1] ;  
m: ■ m-1;
end;
P [ l ] : *  1;
e n d ;
T h i s  p r o c e d u r e  needs 2 d ( l  + LOG[ ! ] - ! )  t i n e ,  f o r  some c o n s t a n t  d,  to 
pe r f o r m  a c y c l i c  r i g h t - r o t a t i o n  on th e  sequence o f  e l e m e n t s  P [ l ] ,  
P [ i + 1 ] ,  . . . , P [ L 0 C  [1] J.
When ROTATE i s  abou t  to  be c a l l e d  f o r  the  j - t h  t im e ,  e l e m e n t  t ,  i s  
i n  p o s i t i o n  L 0 C[ l j ]  of a r r a y  P, h av in g  moved t h e r e  from i t s  l e f t ­
most  p o s i t i o n  P [ i j ] a s  th e  r e s u l t  of  ( L 0 C [ i v  -  i j ) t r a n s p o s i t i o n s .  
Each t o p o l o g i c a l  s o r t i n g  s o l u t i o n  (e x c e p t  the  s t a r t i n g  s o l u t i o n )  i s  
g e n e r a t e d  from th e  p r e v i o u s  one as th e  r e s u l t  of  a t r a n s p o s i t i o n ,  so 
th e  t o t a l  number of t r a n s p o s i t i o n s  e x e cu t ed  i s  t - 1 ,  and t h e r e f o r e :
So th e  t o t a l  t ime r e q u i r e d  f o r  th e  e x e c u t i o n  of  a l l  r  r o t a t i o n s  i s  
2 d ( r + t - 1 )• Now the  a l g o r . t h n  need s  c ^ r  + c , t  ■ 0 ( r + t )  t ime when a
p r i m i t i v e  ROTATE o p e r a t i o n  i s  as sumed,  and t h e r e f o r e  when the  non­
p r i m i t i v e  ROTATE pr o c e d u re  i s  used the  t o t a l  r u n n in g  t ime i n c r e a s e s
by ( 2 d - l ) r  + 2 d ( t - 1 ) to  [ ( c^ +2d - 1 ) r  + ( c^+ dd)c  -  2d] which  i s  s t i l l
0 ( r + t ) .
2 . 2 . 2  R o t a t i o n s  and the  s t a r t i n g  s o l u t i o n
When V a r o l ' s  a l g o r i t h m  i s  used to  g e n e r a t e  a l l  t o p o l o g i c a l  s o r t i n g s  
of  a g iv e n  p o s e t ,  t h e  t o t a l  number o f  r o t a t i o n s  ex ec u t ed  (and so the  
t o t a l  r u n n in g  t ime ,  s i n c e  i t  i s  an 0 ( r + t )  a l g o r i t h m )  depends  on the  
s t a r t i n g  s o l u t i o n  chosen ,  t h a t  i s  t h e  p a r t i c u l a r  t o p o l o g i c a l  s o r t i n g  
which  i s  renamed 1 2 . . . n .
For  example ,  g iv e n  th e  r e s t r i c t i o n s  aRd, bRd and eRa on the  s e t  S » 
{ a , b , c , d , e > ,  i f  becad i s  used f o r  the  s t a r t i n g  s o l u t i o n  9 r o t a t i o n s  
w i l l  be e x e c u t e d  ( see  F ig u re  2 . 6 ) .  The number o f  r o t a t i o n s  can v a r y  
b e t w e e n  7 ( i f  cbead i s  chosen  as  t h e  s t a r t i n g  s o l u t i o n )  and 14 ( i f  
ebadc  i s  c h o s e n ) . A no the r  example i s  th e  p o s e t  shown i n  F ig u re  2 .7  
which c o n s i s t s  of  a c h a i n  o f  n-1  e l em e n t s  and one I s o l a t e d  e l em e n t .  
Th er e  a r e  n+l  t o p o l o g i c a l  s o r t i n g s  o f  t h i s  p o s e t .  I f  t h e  t o p o l o g i c a l  
s o r t i n g  y x ^ x ^ •x n  ^ i s  u sed f o r  the  s t a r t i n g  s o l u t i o n ,  then the  
number  of  r o t a t i o n s  i s  n-1 (which means l e s s  tha n  one p e r  s o l u t i o n  
g e n e r a t e d ) ,  and the  t o t a l  t ime r e q u i r e d  to  g e n e r a t e  a l l  t he  s o l u -  
u t i o n s  i s  0 (n) • I f ,  on th e  o t h e r  hand,  x^x. , . . .  xn_^y I s  used f o r  the  
s t a r t i n g  s o l u t i o n ,  ( n ^ - n ) / 2  r o t a t i o n s  a r e  e x e c u t e d  and O(n^)  t ime i s  
needed  to  g e n e r a t e  a l l  s o l u t i o n s .
The prob lem of  d e t e r m i n i n g  which t o p o l o g i c a l  s o r t i n g  to  use a s  the  
s t a r t i n g  s o l u t i o n  so t h a t  the  minimum number o f  r o t a t i o n s  a r e  e x e ­
c u t e d ,  r e c e i v e d  a good d e a l  of  a t t e n t i o n  from t h i s  w r i t e r ,  bu t  no t  
much s u c c e s s  was o b t a i n e d  in f i n d i n g  a co m p le te  s o l u t i o n .  The f o l ­
low ing  i s  one of the more p r o m is in g  a p p r o a c h e s  c o n s i d e r e d .
Given a p o s e t  of  n e l e m e n t s ,  we a s s o c i a t e  w i t h  each e l ement  j  a num­
b e r ,  c a l l e d  the  b l o c k i n g  fa  t o r  o f  J ,  wh ich  i s  eq u a l  to  the  number
n-2
n-1
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of  e l e m e n t s  which must f o l l o w  j  in  th e  p a r t i a l  o r d e r i n g .  The 
v a l u e  of  a t o p o l o g i c a l  s o r t i n g  p ^ p , . . . p^  i s  d e f i n e d  to  be th e  r a d i x  
, .b , t h a t  i sn number b^b.,
n-1
b l b 2 “  , b n “ L b n - i , n i ’
1-0
where b^ i s  the  b l o c k i n g  f a c t o r  of  p^.
F o r ' example ,  g i v e n  the  p a r t i a l  o r d e r i n g  bRa,  bRc, bRd and dRc on 
< a , b , c , d > ,  the n  t h e  t o p o l o g i c a l  s o r t i n g  bade  has  an L - v a lu e  of  3100 
(bas e  4 ) .
Now f o r  th e  s t a r t i n g  s o l u t i o n ,  we choose  t h a t  t o p o l o g i c a l  s o r t i n g
P ,PF 2
•p wi th  t h e  low es t  L - v a l u e .  To c o n s t r u c t  t h i s  t o p o l o g i c a l
h ass o r t i n g ,  a t  each s t a g e ,  when th e  p a r t i a l  p e r m u t a t i o n  P ^ P i ' " P i - 1  
been c o n s t r u c t e d ,  we choose f o r  p^ t h a t  e l em e nt  of  ( t h e  s e t  of
v a l i d  c h o i c e s )  which has  the  low es t  b l o c k i n g  f a c t o r .  The m o t i v a t i o n  
f o r  c h o o s in g  the  s t a r t i n g  s o l u t i o n  in  t h i s  way i s  as f o l l o w s .
F i r s t l y ,  a r o t a t i o n  i s  e x e c u t e d  by V a r o l ' s  a l g o r i t h m  ev er y  t ime t h a t  
an e l ement  i s  b lo c k e d  from moving r i g h t w a r d s ,  and so we wish to f i n d  
a s t a r t i n g  s o l u t i o n  t h a t  r e s u l t s  in  the  s m a l l e s t  number of  b l o c k ­
i n g s .  Second ly ,  n o t e  t h a t  in  g e n e r a t i n g  a l l  t  t o p o l o g i c a l  s o r t i n g s  
o f  a g i v e n  p o s e t :
(1 )  The number o f  t r a n s p o s i t i o n s  e x e c u t e d  i s  t - 1 ,  no m a t t e r  
which t o p o l o g i c a l  s o r t i n g  i s  used as  t h e  s t a r t i n g  s o l u t i o n .
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( 2 )  In  be tween ev e r y  t r a n s p o s i t i o n  o f  e l em en t  1+1 w i t h  i t s  
r i g h t - h a n d  n e i g h b o u r ,  e l em en t  1 i s  r e p e a t e d l y  t r a n s p o s e d  
w i t h  i t s  r i g h t - h a n d  n e i g h b o u r  u n t i l  i t  i s  b l o c k e d .
So by cho os ing  as  the  s t a r t i n g  s o l u t i o n  t h a t  t o p o l o g i c a l  s o r t i n g  in  
w h ich  t h e  e l em e nt s  l e a s t  l i k e l y  to  be b l oc k ed  a r e  a s  f a r  to  the  l e f t  
a s  p o s s i b l e ,  we a r e  a t t e m p t i n g  to  keep th e  numoer of  t r a n s p o s i t i o n s  
( and  t h e r e f o r e  s o l u t i o n s  g e n e r a t e d )  be tween s u c c e s s i v e  r o t a t i o n s  a s  
h i g h  as  p o s s i b l e ,  and c o n s e q u e n t l y  th e  number of  b l o c k i n g s  (and 
t h e r e f o r e  r o t a t i o n s )  as  low as  p o s s i b l e .
The w r i t e r  found f o r  most  p o s e t s  c o n s i d e r e d  t h a t  t h i s  method c o r ­
r e c t l y  s e l e c t e d  th e  s t a r t i n g  s o l u t i o n  which  r e s u l t e d  in  f e w e s t  r o ­
t a t i o n s .  Also in  many of  th e  c a s e s ,  t h e  number of  r o t a t i o n s  p roduced 
by t h e  t o p o l o g i c a l  s o r t i n g s  (when used as  th e  s t a r t i n g  s o l u t i o n )  
was,  more or  l e s s ,  an i n c r e a s i n g  f u n c t i o n  of  t h e i r  L - v a l u e s .
As an example ,  in  F ig u re  2. 8(a)  i s  th e  t lasse d iag ram of  t h e  p a r t i a l  
o r d e r i n g  g iv en  oy Knuth (1968, p . 259] to e x p l a i n  the  p r i n c i p l e  of 
t o p o l o g i c a l  s o r t i n g .  F i g u r e  2 . 8 ( b )  shows the  a c t u a l  o r d e r e d  p a i r s  
t h a t  c o n s t i t u t e  th e  p a r t i a l  o r d e r i n g  R, and F igu re  2 .9  shows a l l  
t o p o l o g i c a l  s o r t i n g s  ( l i s t e d  in  i n c r e a s i n g  L - v a l u e ) ,  t h e i r  L - v a l u e s ,  
and t h e  number of  r o t a t i o n s  they  p rodu ce  when used as t h e  s t a r t i n g  
s o l u t i o n .  (Note how t h e  number o f  r o t a t i o n s  t e n d s  to  i n c r e a s e  w i t h  
i n c r e a s i n g  L - v a l u e ) .
T h i s  method f o r  c h oo s in g  the  s t a r t i n g  s o l u t i o n  has  been d i s c u s s e d  
p r i m a r i l y  to p r o v i d e  some g u i d e l i n e  f o r  p o s s i b l e  f u t u r e  r e s e a r c h .  
The r e s u l t s  o b t a i n e d  by the  w r i t e r  a r e  n o t  c o n c l u s i v e ,  s i n c e  the  
t e s t i n g  was by no means compre hen s ive  and the  p o s e t s  c o n s i d e r e d  were 
ch os en  r a t h e r  a r  i c r a r i l y .  ( In  th e  f o l l o w i n g  s e c t i o n  we d i s c u s s  the  
p r ob le m s  inv o lv e d  in  d e f i n i n g  a good sample  o f  p o s e t s  to  use  f o r  
e m p i r i c a l  t e s t s ) .
Note a l s o  t h a t  to  g e n e r a t e  a l l  t o p o l o g i c a l  s o r t i n g s  of a p o s e t  u s in g  
Var o l  s a l g o r i t h m ,  the  p a r t i a l  o r d e r i n g  can be r e p r e s e n t e d  by any 
b i n a r y  r e l a t i o n  ( i . e .  t h e  s e t  of  r e s t r i c t i o n s )  whose t r a n s i t i v e  c l o ­
s u r e  i s  equa l  to th e  p a r t i a l  o r d e r i n g .  Now to f i n d  th e  low es t  L-  
v a l u e d  t o p o l o g i c a l  s o r t i n g ,  the  p a r t i a l  o r d e r i n g  i t s e l f  i s  needed In 
o r d e r  t o  compute the  b l o c k i n g  f a c t o r s ,  and t h i s  means th e  e x e c u t i o n
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1R3 4R6
1R4
1R5 5R6
1R6 5R8
1R7
1R8 7R4
7R5
2R6 7R6
2X8 7R8
8X6
3R4
3R5 9R2
3R6 9R5
3R7 9R6
3R8 9R8
(b)
e r i n g
o f  an O(n^)  t r a n s i t i v e  c l o s u r e  p r o c e d u r e .  So f i n d i n g  th e  low es t  L- 
v a l u e d  t o p o l o g i c a l  s o r t i n g  and u s i n g  i t  f o r  the  s t a r t i n g  s o l u t i o n  
may n o t  a lways  r e s u l t  i n  a r e d u c t i o n  of  ru n n in g  t ime ,  s i n c e  f o r  a 
t o p o l o g i c a l  s o r t i n g  problem h a v i n g ,  f o r  example,  0 (n) s o l u t i o n s  
V a r o l ' s  a l g o r i t h m  r e q u i r e s  on ly  0 (n ~)  t i n e  no m a t t e r  which s o l u t i o n  
i s  used as  th e  s t a r t i n g  s o l u t i o n .
2. 3 C o n c lu s i o n
i h r e e  t o p o l o g i c a l  s o r t i n g  a l g o r i t h m s  have been d i s c u s s e d .  The two 
b a c k t r a c k i n g  a l g o r i t h m s  a r e  e s s e n t i a l l y  the  s a n e  -  we have shown 
t h a t  W e l l s '  a l g o r i t h m  i s  j u s t  a l e s s  e f f i c i e n t  . e r s i o n  of  the  Knuth-  
S z w a r c t1 t e r  a l g o r i t h m .
The Knuth-Szware f  i t e r  a l g o r i t h m  r e q u i r e s  O(nrrn) t ime f o r  each s o l u ­
t i o n  g e n e r a t e d ,  and in  g e n e r a l  t h e  s o l u t i o n s  a r e  g e n e r a t e d  most e f ­
f i c i e n t l y  when t ,  t h e  number of  s o l u t i o n s  i s  c l o s e  to  n l •
2
(a)
F ig u re  2 . 8  A p a r t i a l  o
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r o p o L o c r c t L  l -  v a  l u e  n u m  h e r  o f  r o t v t i o s s
a o K i i a i   LOAZL-iu  esanii^LB._____________
d 2 1 3 7 4 5 8 b  4 2 6 5 4 1 2 1 0  J 2
9 2 1 3 7 5 4 8 b  4 2 6 5 4 2 1 1 0  33
9 2 1 - 1 7 5 8 4 6  4 2 6 5 4 2 1  10 33
9 1 2 3 7 4 5 8 6  4 6 2 5 4 1 2 1 0  4 3
9 1 2  1 7 5 4 8 6  4 6 2 5 4 2 1 1 0  44
9 1 2 3 7 5 8 4 6  4 6 2 5 4 2 1 1 0  44
3 1 3 2 7 4 5 8 b  4 6 5 2 4 1 2 1 0  51
9 1 3 2 7 5 4 8 6  4 6 5 2 4 2 1 1 0  52
9 1 3 2 7 5 8 4 6  4 6 5 2 4 2 1 1 0  5 2
9 1 3 7 4 2 5 8 6  4 6 5 4 1 2 2 1 0  55
9 1 3 7 4 5 2 8 6  4 6 5 4  1 2 2 1 0  5 5
3 1 3 7 2 4 5 8 6  4 6 5 4 2 1 2 1 0  56
9 1 3 7 5 4 2 8 6  4 6 5 4 2 1 2 1 0  56
9 1 3 7 2 5 4 8 6  4 6 5 4 2 2 1 1 0  57
3 1 3 7 5  24 8 6  4 6 5 4 2 2 1 1 0  57
9 1 3 7 2 5 8 4 6  4 6 5 4 2 2 1 1 0  57
3 1 3 7 5 2 8 4 6  4 6 5 4 2 2 1 1 0  57
1 9 2 3 7 4 5 8 6  6 4 2 5 4 1 2 1 3  61
192 1 7 5 4 8 6  6 4 2 5 4 2 1 1 0  62
1 9 2 3 7 5 8 4 6  6 4 2 5 4 2 1 1 0  6 2
1 9 3 2 7 4 5 8 6  6 4 5 2 4 1 2 1 0  69
1 9 3 2 7 5 4 8 6  6 4 5 2 4 2 1 1 0  7 0
1 9 3 2 7 5 8 4 6  6 4 5 2 4 2 1 1 0  7 0
1 9 3 7 4 2 5 8 6  6 4 5 4 1 2 2 1 0  7 3
1 9 3 7 4 5 2 3 6  6 4 5 4 1 2 2 1 0  73
1 9 3 7 2 4 5 8 6  6 4 5 4 2 1 2 1 0  74
1 9 3 7 5 4 2 8 6  6 4 5 4 2 1 2 1 0  74
1 9 3 7 2 5 4 8 6  6 4 5 4 2 2 1 1 0  75
1 9 3 7 5 2 4 8 6  6 4 5 4 2 2 1 1 0  7 5
1 3 3 7 2 5 8 4 6  6 4 5 4 2 2 1 1 0  75
1 9 3 7 5 2 8 4 6  6 4 5 4 2 2 1 1 0  7 5
1 3 7 4 9 2 5 3 6  6 5 4 1 4 2 2 1 0  7 3
1 3 7 4 9 5 2 8 6  6 5 4 1 4 2 2 1 0  73
1 3 9 2 7 4 5 8 6  6 5 4 2 4 1 2 1 0  76
1 3 9 2 7 5 4 8 6  6 5 4 2 4 2 1 1 0  77
1 3 9 2 7 5 8 4 6  6 5 4 2 4 2 1 1 0  77
1 3 7 9 4 2 5 8 6  6 5 4 4 1 2 2 1 0  79
1 3 7 9 4 5 2 8 6  6 5 4 4 1 2 2 1 0  79
1 3 9 7 4 2 5 8 6  6 5 4 4 1 2 2 1 0  80
1 3 9 7 4 5 2 8 6  6 5 4 4  1 2 2 1 0  80
1 3 7 1 2 4 5 8 6  6 5 4 4 2 1 2 1 0  80
1 3 7 9 5 4 2 8 6  6 5 4 4 2 1 2 1 0  80
1 3 9 7 2 4 5 8 6  6 5 4 4 2 1  2 1 0  £.1
1 3 7 9 2 5 4 8 6  6 5 4 4 2 2 1 1 0  81
1 3 9 7 5 4 2 8 6  6 5 4 4 2 1 2 1 0  81
1 3 7 9 5 2 4 3 6  6 5 4 4 2 2 1 1 0  81
1 3 7 9 2 5 8 4 s  6 5 4 4 2 2 1 1 0  81
1 3 7 1 5 2 8 4 6  6 5 4 4 2 2 1 1 0  81
1 3 9 7 2 5 4 8 6  6 5 4 4 2 2 1 1 0  82
1 3 3 7 5 2 4 8 6  6 5 4 4 2 2 1 1 0  8 2
1 3 9 7 2 5 8 4 6  6 5 4 4 2 2 1 1 0  82
1 3 9 7 5 2 8 4 6  6 5 4 4 2 2 1 1 0  8 2
Flp.ure 2. 9 Comparing s t a r t i n g  s o l u t i o n s
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V a r o l ' s  a l g o r i t i i m  r e q u l ’-es O(nrt-n) t ime to g e n e r a t e  th e  s t a r t i n g  s o ­
l u t i o n ,  and 0 ( n )  t ime f o r  ev e r y  o t h e r  s o l u t i o n .  The s o l u t i o n s  a r e  
a lways g e n e r a t e d  moat e f f i c i e n t l y  f o r  problems where t  i s  c l o s e  to 
n ! ,  and f o r  t  -  n ! / 2  o r  n l  th e  t ime pe r  s o l u t i o n  i s  0 ( 1 / n ) .
To m a i n t a i n  some p e r s p e c t i v e  we o u s t  no te  t h a t  our  a n a l y s i s  does n o t  
g i v e  much i d e a  abou t  t h e  v a l u e s  o f  the  c o n s t a n t s  of  p r o p o r t i o n a l i t y  
f o r  t h e s e  o r d e r - o f - m a g n i t u d e  me asures  of  me c o m p l e x i t y .  Suppose we 
a r e  con c e r ne d  w i t h  the  p r a c t i c a l  d e t a i l s  o f  s o l v i n g  t o p o l o g i c a l  
s o r t i n g  prob lems  f o r  which a r e a s o n a b l y  l a r g e  p r o p o r t i o n  of  a l l  nl 
p e r m u t a t i o n s  a r e  s o l u t i o n s .  S in c e  th e  f u n c t i o n  n! grows e x t r e m e l y  
q u i c k l y ,  r e a l - w o r l d  t ime c o n s i d e r a t i o n s  w i l l  r e s t r i c t  us to d e a l i n g  
w i t h  t h o s e  p r ob lems  f o r  which n i s  sm a l l ,  and in  such  c a s e s  th e  con­
s t a n t s  of p r o p o r t i o n a l i t y  w i l l  i n de ed  be s i g n i f i c a n t .  N e v e r t h e l e s s ,  
mos t  p r a c t i c a l  p roblems i n v o l v i n g  t o p o l o g i c a l  s o r t i n g ,  l i k e  t h o s e  we 
d i s c u s s e d  in  Cha p te r  1, a r e  con c e r n ed  wi th  f i n d i n g  on ly  one,  and no t  
a l l  p o s s i b l e  t o p o l o g i c a l  s o r t i n g s .
A p o s s i b l e  way o f  compar ing  t h e  a l g o r i t h m s  i s  by o b t a i n i n g  e m p i r i c a l  
r e s u l t s ,  t h a t  i s  by im pl em en t in g  the  a l g o r i t h m s  on a r e a l  compute r  
and  compar ing t h e i r  ru n n in g  t i m e s .  We f a c e  a number of  p rob lems  
u s i n g  t h i s  a p p r o a c h .  F . r s t l y ,  w h a t e v e r  r e s u l t s  we may o b t a i n  w i l l  be 
o f  l i m i t e d  s i g n i f i c a n c e ,  s i n c e  th e y  w i l l  be d e p e n d e n t ,  t o  some ex­
t e n t ,  on t h e  s p e c i f i c  i m p l e m e n ta t i o n .  For example ,  w h i l e  we have  
shown t h a t  t h e  o r d e r  of  c o m p le x i ty  of  V a r o l ' s  a l g o r i t h m  i s  no t  
a f f e c t e d  by whethe r  o r  n o t  t h e  ROTATE o p e r a t i o n  i s  p r i m i t i v e ,  when 
t h e  a l g o r i t h m  i s  implemented ,  t h e  a c t u a l  r u n n i n g  t im e  w i l l  c e r t a i n l y  
depend on whethe r  o r  n o t  th e  compute r  used  has  ha rdware  r o t a t i o n  
c a p a b i l i t i e s .  ( I n  h i s  s u r v e y  o f  p e r m u t a t i o n  g e n e r a t i o n  a l g o r i t h m s ,  
Sedgewlck [1977] p o i n t s  ou t  th e  prob lem t h a t  th e  compar ing  of a l g o ­
r i t h m s  by e m p i r i c a l  t e s t i n g  can r e a l l y  become a ro m p ar i s o n  of compi­
l e r s ,  programmers and co m p ut e r s ,  not  a l g o r i t h m s ) .
A second p ro b lem e n c o u n te r e d  w i t h  e m p i r i c a l  t e s t s  i s  how to  s e l e c t  a 
good sample of  p a r t i a l  o r d e r i n g s  f o r  in p u t  to  the. p rograms.  The p r o ­
blem of d e f i n i n g  what c o n s t i t u t e s  an av e r a g e  p a r d a l  o r d e r i n g  and a 
good d i s t r i b u t i o n  of  p a r t i a l  o r d e r i n g s  i s  no t  s i m p l e .  Even assuming 
( o p t i m i s t i c a l l y )  t h a t  we manage to  overcome t h i s  d i f f i c u l t y ,  we im­
m e d i a t e l y  f a c e  a n o t h e r  p rob lem.  Remember t h a t  f o r  t h e  Kuuth -Szwarc -  
f i t e r  and V a r o l ' s  a l g o r i t h m s ,  a p a r t i a l  o r d e r i n g  may be r e p r e s e n t e d
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y
by each of  th e  b i n a r y  r e l a t i o n s  whose t r a n s i t i v e  c l o s u r e  i s  e q u a l  to  
t h e  p a r t i a l  o r d e r i n g .  For  example a c h a i n  of  l e n g t h  n may be r e p r e ­
s e n t e d  i n  n! d i f f e r e n t  ways, and dep e nd in g  which r e p r e s e n t a t i o n  we 
ch oos e  t o  u se ,  m, th e  number of  p a i r s  xRy can v a r y  between n and 
( nM -n ) /2 .  S in c e  O(nrt-n) t ime i s  r e q u i r e d  f o r  each  s o l u t i o n  g e n e r a t e d  
by th e  K n u t h - S z w a r c f i t e r  a l g o r i t h m ,  and f o r  t h e  s t a r t i n g  s o l u t i o n  
g e n e r a t e d  by V a r o l ' s  a l g o r i t h m ,  we have  th e  s i t u a t i o n  where a p r o ­
gram may have  many, and p o s s i b l y  v a s t l y  d i f f e r i n g ,  ru nn ing  t i m es  f o r  
t h e  same t o p o l o g i c a l  s o r t i n g  p rob lem,  dep e nd in g  on the r e p r e s e n t a ­
t i o n  of  the  p a r t i a l  o r d e r i n g .
Yet a n o t h e r  p roblem w i th  e m p i r i c a l  t e s t s ,  one t h a t  we have men t ioned 
p r e v i o u s l y  i n  t h i s  s e c t i o n ,  i s  t h a t  of  t o p o l o g i c a l  s o r t i n g  p rob lems 
where t h e  the  number of  s o l u t i o n s  i s  . a t i v e l y  c l o s e  to  n ! . I t  i s  
r e a s o n a b l e  to assume t h a t  a good sample  o f  p a r t i a l  o r d e r i n g s  w i l l  
c o n t a i n  p r ob lems  l i k e  t h i s .  T h i s  means th e  e m p i r i c a l  t e s t i n g  w i l l  be 
l i m i t e d  to  p rob lems  f o r  which n i s  v e r y  s m a l l ,  and so w ha teve r  con­
c l u s i o n s  may be r e a c h e d  w i l l  n o t  be v e r y  g e n e r a l .  (For  n > 25, the 
t ime  r e q u i r e d  to  g e n e r a t e  n! p e r m u t a t i o n s ,  a t  t h e  r a t e  of one pe r  
m i c r o s e c o n d ,  i s  g r e a t e r  th a n  th e  age of  th e  e a r t h  (Sedgewick 1 9 7 7 ] ) .
CHAPTER 3 -  EM'JMERATIG
3 . 0  I n t r o d u c t i o n
Th er e  i s  no s i m p le  fo rmu la  to  c a l c u l a t e  th e  number of  p e r m u t a t i o n s  
c o n s i s t e n t  w i t h  an a r b i t r a r y  p o s e t ,  and t h e  en u m e r a t i o n  must  be done 
i n  o t h e r  w a y s . There  a r e  some c l a s s e s  o f  p o s e t s  however,  f o r  which 
f o rm u l a e  can  be d e r i v e d .
3. 1 Some s p e c i a l  c a s e s
a )  T r e e s : I f  T i s  a d i r e c t e d  g r ap h  wl ch i s  a t r e e ,  t he n  N(T) the  
number o f  p e r m u t a t i o n s  c o n s i s t e n t  w i t h  T can  be c a l c u l a t e d  by the  
f o l l o w i n g  e x p r e s s i o n  which a p p e a r s  1 " x w a r c f l t e r  and Wi l so n  [1978] :
HO.’ ) -  n ! /  H ( | T ( x )  I) 
xeT
where n i s  th e  number of  v e r t i c e s ,  t h e  p r o d u c t  i s  over  a l l  v e r t i c e s  
x i n  T, T(x)  i s  the  s u b t r e e  r o o t e d  a t  x,  and | T ( x ) |  i s  i t s  number of 
v e r t i c e s .  B a s i c a l l y ,  t he  r e a s o n  why t h i s  formula  s o l v e s  th e  p rob lem 
i s  t h a t  i f  x i s  a v e r t e x  in  th e  t r e e  T, and y i s  a n o t h e r  v e r t e x  be ­
l o n g i n g  to  a s u b t r e e  of  x, t h e n  x must n e c e s s a r i l y  p r ece de  y i n  any
of  the  p e r m u t a t i o n s .  Hence,  t h e  t o t a l  number of  p e r m u t a t i o n s  in
which  x p r e c e d e s  ev e r y  v e r t e x  b e l o n g i n g  to  any o f  i t s  . a t r e e s ,  i s  
n ! / | T ( x ; | .  By c o n s i d e r i n g  a l l  v e r t i c e s  o f  the  t r e e ,  we o b t a i n  the  
above fo rmula  f o r  N (T ) . There a r e ,  f o r  example
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pe rmu ta t  i o n s  o f  { 1 , 2 , • . • , 8 }  cons  l a t e n t  w i t h  th e  p o s e t  of  F ig u re  3 . 1 .
T h i s  r e s u l t  f o r  t r e e s  can e a s i l y  be e x t en d e d  to  f o r e s t s .  I f  G i s  a 
f o r e s t  of  t r e e s  T ^ , T g , . . . , T ^ ,  we c o n s t r u c t  the  t r e e  T w i th  r o o t  x so 
t h a t  i. j , i j ,  • • • ,  T^ a r e  th e  s u b t r e e s  of  x,  and ap p l y  th e  fo rmula  to  T. 
In f a c t ,  t h e  number o f  t o p o l o g i c a l  s o r t i n g s  o f  th e  f o r e s t  G w i l l  be
e q u a l  to  the  number o f  t o p o l o g i c a l  s o r t i n g s  of  the  t r e e  T r o o t e d  a t
x,  c o n s t r u c t e d  from G, s i n c e  c o r r e s p o n d i n g  to ev e r y  t o p o l o g i c a l  
s o r t i n g  P j P t* * •p |1 o f  G i s  the  t o p o l o g i c a l  s o r t i n g  x p Lp n . . .p^  0 f  T.
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F i g u r e  3 . 1  A t r e e
b)  Z l r . - zag  p o s e t s : A p a r t i a l  o r d e r i n g  on the  s e t  (1 ,  2 , . . .  , n>  which  
ca n  be r e p r e s e n t e d  by n—1 p a i r s *  each  o .  the  forra iRi+1 or  i + l d i  f o r  
i  -  1, 2, . . . , n - l ,  i s  c a l l e d  a z i g - z a g  p o s e t ,  s i n c e  i t s  Hasse d iag ram 
h as  a c h a r a c t e r i s t i c  z i g - z a g  shape* The e n u m e r a t i o n  of th e  t o p o l o g i ­
c a l  s o r t i n g s  of  z i g - z a g  p o s e t s  i s  d i s c u s s e d  in  S e c t i o n  4 . 1 .  3.
c)  Graphs c o r r e s p o n d i n g  to  Young t a b l e a u x : A g r ap h  t h a t  c o r r e s p o n d s  
to  a Young t a b l e a u  i s  an a c y c l i c  d i r e c t e d  g r ap h  G, where t h e  v e r ­
t i c e s  can be a r r a n g e d  i n t o  an a r r a y  of  l e f t - j u s t i f i e d  rows o f  de­
c r e a s i n g  l e n g t h  i n  such away t h a t :
( 1 )  f o r  each v e r t e x  v,  i f  b i s  t h e  v e r t e x  below v  th e n  ( v , b )  i s  
an edge i n  G, and i f  r  i s  t h e  v e r t e x  to  t h e  r i g h t  o f  V then  
( v , r )  i s  an edge in  G; and
(2) no o t h e r  edges e x i s t  *
In  t h i s  k i nd  of  g r ap h ,  th e  hook o f  a v e r t e x  i s  d e f i n e d  to  be the  
v e r t e x  p l u s  the  v e r t i c e s  t h a t  l i e  below and to  i t s  r i g h t *  ihe  hook 
l en g t h  o f  a v e r t e x  i s  t h e  number of  v e r t i c e s  in  the  hook of  t h i s  
v e r t e x . For example ,  th e  d i r e c t e d  g r a p h  in  F ig u re  3 . . .  c o r r e s p o n d s to 
a Young t a b l e a u ,  and th e  v e r t e x  a t  th e  top l e f t - h a n d  c o r n e r  has  a 
hook l e n g t h  o f  9 .  The f o l l o w i n g  theorem i s  from Knuth 1973];
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F i g u r e  3 . 2  A g r a p h  c o r r e s p o n d i n g  to  a Young t a b l e a u
Theorem 3 . 1  I f  G i s  a g r ap h  w i t h  n v e r t i c e s  c o r r e s p o n d i n g  to  a Young 
t a b l e a u ,  th e n  the  number of  ways to  t o p o l o g i c a l l y  s o r t  t h e  p a r t i a l  
o r d e r i n g  r e p r e s e n t e d  by G, i s  n! d i v i d e d  by t h e  p r o d u c t  of  th e  hook 
l e n g t h s .
From t h i s  theorem we can c a l c u l a t e  the  number o f  p e r m u t a t i o n s  con­
s i s t e n t  w i t h  t h e  po se t  in  F ig ur e  3 .2  as
151/9 .  7. 6. 5. 4. 1. 6. 4. 3. 2. 5. 3. 2. 1. 1 -  80080.
R e f e r r i n g  to. t h i s  theorem,  Knuth s t a t e s :  " I t  would be n i c e  i f  t h e r e
w ere  some s i m p l e  f o rm ul a  which would g e n e r ' 1 i ze  [ th e  theorem]  to  the  
c a s e  of  an a r b i t r a r y  d i r e c t e d  g r a p h ; bu t  n o t  a l l  g r ap h s  have such 
p l e a s a n t  p r o p e r t i e s  a s  th e  g raph s  c o r r e s p o n d i n g  to  t a b l e a u x . "  i.vnuth 
1973, p . 6 5 ] .  He goes  on to  say t h a t  w h i l e  t h e r e  a r e  c e r t a i n  o t h e r  
c l a s s e s  of  d i r e c t e d  g r a p h s ,  such  as  t r e e s ,  wh ich have a s i m p l e  s o l u ­
t i o n  to  t h i s  e n u n e r a t i o n  prob lem,  i t  can a l s o  be shown t h a t  some 
d i r e c t e d  g r a p h s  have no s i m pl e  f o r m u l a .  For example ,  th e  number of 
s o l u t i o n s  to  a t o p o l o g i c a l  s o r t i n g  problem on n e l em e nt s  i s  n o t  a l ­
ways a d i v i s o r  o f  n! For i n s t a n c e ,  the  4 - e l e m e n t  p o s e t :
h a s  t h e  f i v e  t o p o l o g i c a l  s o r t i n g s :  1234, 1243, 2134,  2143 and 2413.
A l a c k  o f  " p l e a s a n t "  p r o p e r t i e s  in  a r b i t r a r y  a c y c l i c  d i r e c t e d  g raphs  
compel s  us to c o n s i d e r  a i a l t e r n a t i v e ,  and more c o m p l i c a t e d  enumer­
a t i o n  method.
3 .2  W e l l s '  en u m e r a t i o n  a l g o r i t h m
W e l l s  [1971]  p r e s e n t s  an a l g o r i t h m  to  enum era te  t o p o l o g i c a l  s o r t i n g s  
which i s  based  on t h r e e  e a s i l y  e s t a b l i s h e d  f a c t s .  Let  (S,R) be a
p o s e t  o f  n e l e m e n t s .  Then f o r  T c S, d e n o t e  by N(T) the  number of
p e r m u t a t i o n s  of e l e m e n t s  i n  T which a r e  c o n s i s t e n t  w i th  th e  r e s t r i c ­
t i o n s  imposed by t h e  p o s e t .  The t h r e e  f a c t s  a r e :
( a )  I f  V and W a r e  d i s j o i n t  s u b s e t s  of S and xRy f o r  a l l  x < V,
y e  W, th e n  N (V u W) “ 11(V).N(M)«
(b )  I f  K1 and K2 a r e  d i s j o i n t  s u b s e t s  of  S, and xKy, yRx f o r
x « Kl ,  y « K2, th e n  N(K1 u K2) -  N (Kl) .N (K2) . ( |K 1 j ^ " " 1) •
( c )  I f  T i s  a s u b s e t  of  S and t  < T, th e n  N(T) “ L  (N (V) ,N(W) ) ,
where th e  summation i s  o ve r  a l l  p a r t i t i o n s  o f  T -  { t )  i n t o
two s e t s  V and W such t h a t  V n W “ { >, (x  e T |x R t}  c V and 
{x < T | t R x )  c  U.
S t a t e m e n t s  (a)  and (b) f o l l o w  from th e  p r o d u c t  r u l e  f o r  in d e p e n d e n t  
e v e n t s .  The b in o m i a l  c o e f f i c i e n t  i n  (b )  g i v e s  t h e  number o f  ways 
t h a t  a p e r m u t a t i o n  of  th e  e l e m e n t s  in  Kl and a p e r m u t a t i o n  of the  
e l e m e n t s  in  K2 can be combined to  y i e l d  a l e g i t i m a t e  p e r m u t a t i o n  o f  
the  e l e m e n t s  in  Kl u K2. A s s e r t i o n  (c)  i s  a s t r a i g h t f o r w a r d  a p p l i c a ­
t i o n  of  the  sum r u l e  f o r  m u t u a l l y  e x c l u s i v e  e v e n t s  and of  s t a t e m e n t  
( a ) .
The i d e a  of  the  a l g o r i t h m  i s  to  s p l i t  t h e  p roblem i n t o  s i m p l e r  and 
s i m p l e r  p a r t s ,  r e c u r s i v e l y .  F i r s t  of  a l l ,  t h e  p o s e t ,  t r e a t e d  as  an 
u n d i r e c t e d  g r aph ,  i s  t e s t e d  f o r  c o n n e c t i v i t y .  Each component  of  t. .e 
p rob lem in d e p e n d e n t l y  y i e l d s  an e n u m e r a t i o n ; t n e s e  r e s u l t s  a r e  even­
t u a l l y  combined u s i n g  ( b ) .  To r e s o l v e  a component ,  an e l eme nt  t ,  
c a l l e d  the  c l e a v a g e  v e r t e x , i s  chos en  on which an a n a l y s i s  us i ng  
s t a t e m e n t  (c)  i s  f a s h i o n e d .  T h i s  a n a l y s i s  p r o d u c e s  a s e t  of  p a i r s  of
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s i m p l e r  prob lems  and each  such prob lem I s  s o l v e d  I n  a r e c u r s i v e  man­
n e r ,  t h e  r e s u l t s  be?ng combined by the  fo rm u l a  o f  ( c ) .  (We assume 
t h a t  f o r  T •  empty s e t ,  N(T) = 1 ) .
An example of  th e  p r o c e s s  I s  g iv e n  in  F ig u re  3 . 3  f o r  t h e  s e t  S ■
{ 1 , 2 ........... 10},  and th e  p a r t i a l  o r d e r i n g  r e p r e s e n t e d  by t h e  o r d e r e d
p a i r s :
1R3 6R5
2R3 6R9
3R4 7R6
3R6 6r7
4R5 9K10
T h is  p o s e t  c o n s i s t s  o i  . e  component ( r e p r e s e n t e d  by th e  Uasse
d ia g ra m  shown in  the  ' . t he  top  of  F i g u r e  3 . 3 ) ,  so  the  f i r s t
s t e p  1 * to  r e s o l v e  th e  r  t  i n t o  a s e t  o f  s i m p l e r  problems
u s i n g  ( c ) .  With t  = : i r c l e d  v e r t e x ) ,  t h e r e  a r e  two p a i r s  o f
p rob lems  to  c o n s i d e r ,  1 . , ere a^e two p a r t i t i o n s  which s a t i s f y
t h e  c o n d i t i o n s  s t a t e d  in  ( c ) .  Each p a i r  i s  shown in  two s o l i d  boxes 
a t  th e  end o f  t h e  f i r s t  l e v e l  l i n k s ;  t h e  two members o f  a p a i r  a r e  
l a b e l l e d  V and W. Each o f  t h e s e  members i s  them a n a l y s e d  f o r  con­
n e c t e d n e s s  -  t h e  components  a r c  shown s e p a r a t e d  by a d o t t e d  l i n e  and 
a r e  l a b e l l e d  Kl ,  K2, e t c .  Each component i s  t h e n  f u r t h e r  r e s o l v e d ,  
t h e  b r a n c h i n g  p r o c e s s  b e i n g  t e r m i n a t e d  a t  a p r i m i t i v e  p r ob lem ,  i . e .  
a c h a i n  o r  an empty s e t ,  e i t h e r  of  which y i e l d s  e x a c t ! - c o n s i s ­
t e n t  p e r m u t a t i o n .
The numbers shown u n d e r n e a t h  each  box in  the  d ia g ra m g i v e  the  number 
o f  p e r m u t a t i o n s  c o n s i s t e n t  w i th  the  p o se t  i l l u s t r a t e d  w i t h i n  t h e  
box.  They a r e  computed from t h e  fo rmula  o f  ( b )  when combin ing  compo­
n e n t s  and from th e  f o rm ul a  o f  ( c )  when combin ing  p roblem p a i r s .  For 
i n s t a n c e ,  t h e  c a l c u l a t i o n s  2 . 1 . ( ‘4^ ' )  and 20 .6  + 30 .3  y i e l d  r e s p e c t ­
i v e l y  th e  numbers  30 and 210 of  th e  d ia g ram.
The e n u m e r a t i o n  a l g o r i t h m  i s  shown i n  F ig u r e s  3 . 4  and 3 . 5 .  The b a s i c  
r e c u r s i v e  p r oc e d ur e  COUNT of  F ig u re  3.4 r e t u r n s  th e  number of  to po ­
l o g i c a l  s o r t i n g s  of  the  p o s e t  ( S , k ) .  (Note  t h a t  th e  a l g o r i t h m  w i l l  
no t  work c o r r e c t l y  i f  t h e  b i n a r y  r e l i t i o n  It I s  not  t r a n s i t i v e l y  
c l o s e d ) .  The p r i n c i p a l  v a r i a b l e s  a r e  the s o t s  V and W which  d e s c r i b e  
t h e  r e s o l v e d  problem p a i r s ,  and t h e  s e t  K which d e s c r i b e s  t h e  compo-
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Flf .ure 3. 3 An example of  the  r e c u r s i v e  p r oc e d u re  
f o r  e n u m er a t i n g  t o p o l o g i c a l  s o r t i n g s
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proc edure COUNT ( S, R): 
b e g i n  a m n t : -  1; J : ■ K: -  { }; 
w h i l e  J  f  S lj)
b e g i n  UEXTCOtlP(S, J ,  K);
_if K I s  a c h a in  th e n  c : •  1;
e l s e  r e p e a t  NEXT PA IR (K, V, U) ;
n ^ l -  COUNT(V,R); 
n ^ : »  COUNT O/ .R) ;  
c : -  c + ny .nwi 
u n t i l  a l l  t h e  p a i r s  (V,U) of K hav e  
been  g e n e r a t e d  by NEXT PAIR;
e n d l f ;
am n t : ■ a m n t . c . ( . )$
|K I
end?
r e t u r n  amnt ;
F i g u r e  3.  4 fta in  p r o c e d u r e  f o r  th e  t o p o l o g i c a l  
s o r t i n g  en u m e r a t i o n  a l g o r i t h m
n en t  c u r r e n t l y  b e i n g  r e s o l v e d .  The i n i t i a l  p roblem may c o n s i s t  o f  
s e v e r a l  components — p o s s i b l e  v a l u e s  f o r  K ( i n  th e  example o f  F i g u r e
3 .3  t h e r e  was one component o n l y ) .  Each of  t h e s e  components  s p l i t s  
i n t o  s e v e r a l  p a i r s  o f  s m a l l e r  p rob lems g iv e n  by v a l u e s  of  V and V, 
each o f  t h e s e  p rob lems has  components  and so f o r t h .  The r e c u r s i o n  
t e r m i n a t e s  when a c h a i n  i s  d i s c o v e r e d  (an empty component  i s  c o n s i ­
d e re d  to  be a t r i v i a l  c h a i n ) .
The v a r i a b l e s  c ,  a ,  and tv  r e g i s t e r  v a r i o u s  a c cu m u la t ed  t a l l i e s  a t  
ea ch  l e v e l  of r e c u r s i o n .  The q u a n t i t y  c which  u l t i m a t e l y  g i v e s  the  
number of  p e r m u t a t i o n s  f o r  the  a c t i v e  component  K, i s  t h e  sum of  
p r o d u c t s  of  f a c t  ( c) on page 33.  The q u a n t i t i e s  n,^ and n^ u l t i m a t e l y  
g i v e  t h e  number o f  p e r m u t a t i o n s  f o r  th e  p a i r  of p roblems i n d i c a t e d  
by V and W r e s p e c t i v e l y .  The q u a n t i t y  amnt *s computed by a p p l y in g  
t h e  fo rmula  f rom f a c t  (b)  w h i l e  c o n t r i b u t i o n s  ac cu m u la t e  from d i ­
s t i n c t  componen ts .  The s e t  J  (formed w i t h i n  the  NEXTCCtlP p r o c e d u r e ) 
c u m u l a t e s  th e  v e r t i c e s  o f  t h e  components  a l r e a d y  c o n s i d e r e d  in  the  
subp ro b le m c u r r e n t l y  be i ng  r e s o l v e d .
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The NEXrCGtlP p r o c e d u r e  shown In  F igu re  3.5 g e n e r a t e s  a new component  
K o f  the  p o s e t  S each  t ime i t  i s  c a l l e d .  At each s t a g e  t h e  s e t  S ~ J  
c o n t a i n s  t h o s e  v e r t i c e s  t h a t  do no t  b e l o n g  to  th e  components  a l r e a d y  
g e n e r a t e d .  A v e r t e x  j  i s  chos en  from t h i s  s e t  and the  component  K 
c o n t a i n i n g  j  i s  th e n  g e n e r a t e d .  The s e t  K' c o n s i s t s  o f  r e c e n t l y  d i s ­
co v e r e d  v e r t i c e s  of  th e  componen t,  and t h e  s e t  K* c o n s i s t s  of  a l l  
v e r t i c e s  co n n e c t e d  to  any v e r t e x  of  K ' . Th is  p r o c e s s  c o n t i n u e s  u n t i l  
K'  i s  empty,  t h a t  i s  u n t i l  no new v e r t i c e s  a r e  found .
The p r o c e d u re  NEXT PAIR of  F ig u re  3 .5  p r od u ce s  t h e  subprob lem p a i r s  
(V,W) r e s u l t i n g  t rom component K by g e n e r a t i n g  a new p a i r  eve ry  t im e  
i t  i s  c a l l e d .  The v e r t e x  on which  th e  c l e a v a g e  [ f a c t ( c ) ]  i s  ba se d  i s  
ch os en  as  t h a t  v e r t e x  f o r  which  th e  number o f  u n r e l a t e d  v e r t i c e s  
( i . e .  t h e  v e r t i c e s  which n e i t h e r  p r e c e d e  nor  suc ceed  th e  v e r t e x  i n
p r o c e d u r e  NEXrCOIlP(S, J ,  K): 
b e g i n  J : •  J  u K;
choose  an e l em en t  j  e S -  J ;
K: -  K ' : -  ( j ) ;  
w h i l e  K ' f  { } do
b eg i n  K* :* K* u (p e S|pRk o r  kRp ' o r  some k e K* >;
K ' : -  K* -  K;
K z -  K u  K ' i
end;
r e t u r n ;
p r o c e d u r e NEXT PAIR (K, V, W ):
b eg i n  i f  t h i s  i s  the  f i r s t  c a l l  f o r  t h i s  component K 
the n  CLEAVAGE(K,H,t) e n d i f  ;
Gs -  tlEXTSVB(H);
V ; -  (p e KlpRt )  u G;
W; ■ (K -  ( t > )  -  V; 
r e t u r n ;
F ig u re  3 .5  A u x i l i a r y  p r o c e d u r e s  f o r  
t h e  en u m e r a t i o n  a l g o r i t h m
t h e  p a r t i a l  o r d e r i n g )  i s  a minimum. (Th is  v e r t e x  t ,  and th e  s e t  H of  
• e r t i c e s  u n r e l a t e d  to  i t  a r e  computed by t h e  p r o c e d u r e  CLEAVAGE, 
which i s  invoked  d u r in g  th e  f i r s t  c a l l  t o  NEXT PAIR f o r  component  K ) . 
Those v e r t i c e s  of  K which p r e c e d e  t  a r e  p u t  i n t o  V, and th o s e  which 
suc ce ed  t  i n t o  W. Each l e g i t i m a t e  way in  which t h e  v e r t i c e s  of  H may 
t h e n  be d i v i d e d  between V and V y i e l d s  a p roblem p a i r .  T h i s  i s  
ac h i e v e d  u s i n g  t h e  p r o c e d u r e  NEXTSUB which g e n e r a t e s  a l l  t he  s u b s e t s  
o f  U c l o s e d  und er  th e  p a r t i a l  o r d e r i n g .  (A s u b s e t  G o f  H i s  c l o s e d  
under  th e  p a r t i a l  o r d e r i n g  R i f ,  f o r  a l l  x and y,  y « G and xSy, im­
p l i e s  x € G ) . The c l o s e d  s u b s e t  G i s  i n c l u d e d  w i t h  V, and W becomes
th e  r e l a t i v e  ( t o  K -  { t> )  complement  o f  V.
L ike  th e  p r o c e d u r e s  HEXTCOtl? and NEXT PAIR, NEXTSUB p r o d u c e s  a n iv  
s o l u t i o n  each t ime i t  i s  c a l l e d .  To g e n e r a t e  a l l  t h e  c l o s e d  s u b s e t s  
o f  H, W e l l s '  a l g o r i t h m  computes  ev e r y  p o s s i b l e  s u b s e t  of  H anu then 
t e s t s  i f  i t  s a t i s f i e s  the  r e q u i r e d  c o n d i t i o n s .  I f  t h e  s. :! h as  ra 
e l e m e n t s  t h i s  b r u t e - f o r c e  method r e q u i r e s  the  g e n e r a t i o n  and t e s t i n g  
o f  2n s u b s e t s  f o r  each component  K. A more e f f i c i e n t  method t ’ gene ­
r a t e  c l o s e d  s u b s e t s  i s  g iv en  by Wai t e  [1967] .
3 . 2 . 1  The c l e a v a g e  v e r t e x
A c u r i o u s  anomaly in  the h i g h l y  d e t a i l e d  p r e s e n t a t i o n  by W e l l s  of 
h i s  e n u m e r a t i o n  a l g o r i t h m  i s  th e  t o t a l  ab s en c e  of  an e x p l a n a t i o n  f o r
t h e  method o f  s e l e c t i n g  as  th e  c l e a v a g e  v e r t e x ,  t h a t  v e r t e x  t  f o r
which t h e  s i z e  of  t h e  c o r r e s p o n d i n g  c e t  H o f  u n r e l a t e d  v e r t i c e s  i s  a 
minimum. (The a l g o r i t h m  w i l l ,  o f  c o u r s e ,  work c o r r e c t l y  f o r  any 
c h o i c e  o f  c l e a v a g e  v e r t e x ) .
The most  p r o b a b l e  r e a s o n  t h a t  t h i s  method o f  s e l e c t i n g  the  c l e a v a g e  
v e r t e x  t  i s  used ,  i s  t h a t  i t  i s  an a t t e m p t  to  make t h e  a l g o r i t h m  e f ­
f i c i e n t  by l i m i t i n g  the  number of  subp ro b lc m s  g e n e r a t e d  a t  each l e ­
v e l  of r e c u r s i o n .
When th e  a l g o r i t h m  s p l i t s  a p o s e t  (S,R)  o f  s i z e  n i n t o  subprob lem 
p a i r s ,  each p a i r  ( V,W) w i l l  have  a combined s i z e  of  n-1 ( th e  c l e a v ­
age v e r t e x  hav in g  been e l i m i n a t e d ) .  So the  t o t a l  s i z e  of  a l l  the 
subpr ob lem s  i s  p r o p o r t i o n a l  to  th e  number o f  s u b p r o b l e n  p a i r s .
Now the  number of  subprob lem p a i r s  (V,W) i s  eq ua l  to  the  number of
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s u b s e t s  of H c l o s e d  under  th e  p a r t i a l  o r d e r i n g  R, where H i s  the  s e t  
o f  v e r t i c e s  u n r e l a t e d  to  the  c l e a v a g e  v e r t e x  t .
In  some c a s e s ,  f o r  example th e  p o s e t  in  F igu re  3 . b ( n ) ,  t he  number o f  
c l o s e d  s u b s e t s  o f  H i s  an i n c r e a s i n g  f u n c t i o n  of  th e  s i z e  of  H, b u t  
i n  g e n e r a l  t h i s  may no t  be t r u e ,  n e v e r t h e l e s s ,  a s  we s h a l l  s e e ,  
V e i l s '  method o f  ch o os in g  t  so t h a t  the  c o r r e s p o n d i n g  s e t  H h as  min­
imum s i z e ,  i s  a r e a s o n a b l e  way of l i m i t i n g  the  number of c l o s e d  s u b ­
s e t s  (and hence  th e  number of  subprob lem p a i r s )  g e n e r a t e d  a t  ea ch
l e v e l  of  r e c u r s i o n .
F i r s t l y ,  t he  number of  c l o s e d  s u b s e t s  of  H must  be l i m i t e d ,  to  some 
d e g r e e ,  by the  s i z e  of H, s i n c e  i f  |H| -  m the n  the  number of  c l o s e d  
s u b s e t s  of 11 must l i e  between m+1 and 2m, t h e s e  bounds  c o r r e s p o n d i n g  
r e s p e c t i v e l y  to  no o r d e r i n g  and t o t a l  o r d e r i n g  of  the  e l em e n t s  of H. 
So, on a v e r a g e ,  i t  i s  l i k e l y  t h a t  a l a r g e  s e t  has  more c l o s e d  s u b ­
s e t s  t h a t  a s m a l l  s e t ,  and i f  j  < l o g 2k,  then any s e t  of s i z e  j  w i l l  
a lway s  have  fewer  c l o s e d  s u b s e t s  tha n  a s e t  of  s i z e  k .
S e c o n d l y ,  i t  s ho u l d  be n o te d  t h a t  11 i s  no t  an a r b i t r a r y  s e t ,  but  i n  
f a c t  a p a r t i a l l y  o r d e r e d  s u b s e t  of  t h e  o r i g i n a l  p o s e t  (S,R) of t h e  
e n u m e r a t i o n  p ro b le m .  The s i g n i f i c a n c e  of  t h i s  can be seen  from t h e  
f o l l o w i n g  lemma.
Lemma 3 .1 Let  (S ,R )  be a p o s e t ,  and H, H'  c  S where 11' -  » u <z> f o r  
some z e S. I f  p s u b s e t s  of  H a r e  c l o s e d  under  R, th e n  th e  number p '  
o f  s u b s e t s  of  H' t h a t  a r e  c l o s e d  under  R s a t i s f i e s  p+1 < p '  < 2p-
P r o o f ; The s u b s e t s  of H' c l o s e d  under  R which do no t  c o n t a i n  t h e  
e l e m e n t  z w i l l  be p r e c i s e l y  th e  p c l o s e d  s u b s e t s  o f  H. Also the  s e t  
H'  ig  a c l o s e d  s u b s e t  of I t s e l f ,  and so p+1 < p ' -  Fur the rmore ,  f o r  
each  s u b s e t  C of  11' which c o n t a i n s  z,  G -  <z> w i l l  be a c l o s e d  s u b ­
n e t  of  H. S ince  t h e r e  a r e  p such s u b s e t s ,  t h e r e  can be a t  moat p 
c l o s e d  s u b s e t s  of  11' c o n t a i n i n g  z and so p '  < 2p.  (Q.K.U. )
I t  f o l l o w s  from t h i s  lemma t h a t  i f  v e r t i c e s  t  and t "  a r e  u n r e l a t e d  
to  t h e  s e t s  o f  v e r t i c e s  H and H'  r e s p e c t i v e l y ,  where 11 c  H ' ,  t he n  
t h e  p o l i c y  o f  c h o o s in g  t  o v e r  t '  a s  th e  c l e a v a g e  v e r t e x  w i l l  always 
r e s u l t  i n  f ewer  subproblem p a i r s .
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Theref ore  i t  can be seen  t h a t  W e l l s '  n e t  hod of  c l e a v a g e  v e r t e x  s e ­
l e c t i o n  i s  a u s e f u l  one -  i t  r e s t r i c t s ,  t o  sone  d e g r e e ,  the  number 
of  subpr ob le ms  (and t h e r e f o r e  t h e  sun o f  t h e  s i z e s  of  t h e  s u b p r o b ­
lems)  a t  each l e v e l  of  r e c u r s i o n ,  and a l s o ,  p e r h a p s  t h e  most d e c i ­
s i v e  f a c t o r  i n  f av ou r  of  t h i s  method,  i t  i s  s i m p le  and r e l a t i v e l y  
ch e ap  to u s e .
1
54
(a)
c l e a v a g e
v e r t e x
t
s e t  H of
u n r e l a t e d
v e r t i c e s
number of  
c l o s e d  s u b s e t s /  
subprob lem p a i r s
t o t a l
subproblem
s i z e
1 — 1 6
2 <7> 2 12
3 ( 6 ,7 } 4 24
4 ( 5 , 6 ,  7} 8 48
5 (4,  6 ,7} 8 48
6 ( 3 , 4 ,  5 ,7} 10 60
7 (2,  3, 4, 5 ,6} 11 66
<b'
F igu re  j» 5 (*)  A p o s e t ;  (b)  t h e  r e l a t i o n s h i p  between c l e a v a g e  
v e r t e x  and th e  number of subpr ob le ms  p a i r s
—40 —
u n
z
\  n - l
n
F l r u r e  3 . 6
The number o f  c l o s e d  s u b s e t s  o f  a s e t  H d o e s  n o t ,  however,  depend 
^ l . l y  on t h e  s i z e  of  H. b u t  on th e  d e g r e e  of  o r d e r i n g  among i t .  
e l e m e n t s  a s  w e l l .  C o n s id e r  th e  p o s e t  in  F i g u r e  3 . 6 .
Here ,  u t  i s  u n r e l a t e d  t o  2n v e r t i c e s  f o r  1 < i  < n,
Wl i s  u n r e l a t e d  to  n+1 v e r t i c e s  f o r  1 < i  < n ,  
y i s  u n r e l a t e d  to  n v e r t i c e s ,  and
z i s  u n r e l a t e d  to  n v e r t i c e s *
The s e t s  tL -  ( u ^ u , ........... u^> and H, -  ( w ^ w ,  of  v e r t i c e s
u n r e l a t e d  to  y and z r e s p e c t i v e l y  a r e  th e  same s i z e ,  bu t  w h i l e  the
u . ' s  a r e  a l l  u n r e l a t e d  to  one a n o t h e r ,  t h e  w ^ a  a r e  t o t a l l y  o r d e r e d  
( I . e .  t h e y  form a c h a i n ) .  T h i s  d i f f e r e n c e  r e s u l t s  in  v a s t l y  d i f f e r ­
i n g  sub pr ob l em  p a i r s  dep e nd in g  on which of  y o r  z i s  chosen as  the  
c l e a v a g e  v . r f e * .  (The a l g o r i t h m  r e s o l v e s  t i e s  l i k e  t h i s  by s e l e c t i n g  
t h e  v e r t e x  f i r s t  e n c o u n t e r e d  in  t h e  s e a r c h  f o r  t h e  c l e . v a g e  v e r t e x ) .
y . .  t h e  c l e a v a g e  v e r t e x : Each of  t h e  2n s u b s e t s  of  the  s e t  Hy -
( u  , u „ . . . , u  > w i l l  be c l o s e d  under  t h e  p a r t i a l  o r d e r i n g ,  i n  o t h e r
w o i d s !  t h e r :  W i l l  be 2" p a i r ,  of  s u b p r o b l e m . .  For  each  subprob lem
p a i r  (V.M), t h e  s e t  W w i l l  c o n t a i n  v e r t e x  z as  w e l l  as th e  component  
(w , w , , . . . , v  >, Since t h e s e  v e r t i c e s  m u s t  always f o l l o w  y in  the
p a i t J l  o r d e r i n g .  W i t h i n  th e  2" p a i r ,  w i l l  be 2 " - ( n + l )  n o n - p r l m l t l v .  
componen ts  which w i l l  have to  be s p l i t  up f u r t h e r  -  t h e s e  n o n - p r i m i ­
t i v e  components  w i l l  each  be of  the  form:
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f o r  sonic subset {iv , . .  • ,Uj 1 of  ily.
s  a s  t h e  c l eavaKe  v e r t e x : The s e t  Hz =  w^} lorms a c h a i n
a nd  so t h e r e  a r e  u+1 c l o s e d  s u b s e t s ,  namely t }, t w^»w2 ^ • ‘ ‘ *
{w >w  w }. A l so ,  each  subprob lem w i l l  c o n s i s t  o f  p r i m i t i v e  com­
p o n e n t s  ( i . e ?  c h a i n s )  o n l y ,  and so no f u r t h e r  r e c u r s i v e  a p p l i c a t i o n s  
o f  t h e  a l g o r i t h m  a r c  n e c e s s a r y .
The d i f f e r e n c e  between c h o o s i n g  y and z i s  q u i t e  s i g n i f i c a n t  -  2
su bp r o b le m  p a i r s  c o n t a i n i n g  a  t o t a l  o f  2 n- ( n + l )  n o n - p r i m i t i v e  compo­
n e n t s ,  compared w i t h  n+1 p a i r s  h av in g  p r i m i t i v e  components on ly .
example i l l u s t r a t e s  q u i t e  c l e a r l y  t h a t  t h e  number o f  c l o s e d
us o f  a n e t  H depends  n o t  on ly  on th e  s i z e  o f  H, b u t  th e  d e g r e e
?ng among i t s  e l e m e n t s . I n  f a c t ,  I f  we modify t h e  p r e v io u s
jO c h a t  t h e  number u ^ ' s  i s  m /  n ( I . e .  y and z a r e  no lo ng er
u n r e l a t e d  to  t h e  same number o f  v e r t i c e s ) ,  t h e n  Hy =* ^ , u 2 , . . . .u^} 
w i l l  have more c l o s e d  s u b s e t s  th a n  w i l l  H£ ■ >w2>• ’ ' *wn  ^ t o r  m
even a s  sm a l l  a s  log^n  + 1.
So f a r  we have o i s c u s s e d  the  p roblems o f  f i n d i n g  the  c l e a v a g e  v e r t e x  
t  t h a t  r e s u l t s  i n  t h e  f e w e s t  number o f  subprob lem p a i r s .  However , 
s p l i t t i n g  a problem i n t o  a minimum number o f  subproblem p a i r s  ( and 
t h e r e f o r e  o b t a i n i n g  a minimum f o r  t h e  t o t a l  s i z e  of  th e  subproblemn 
combined)  does  n o t  n e c e s s a r i l y  l e a d  to  the  most  e f f i c i e n t  a l g o r i t h m .  
C o n s i d e r  t h e  p o s e t  in  F i g u r e  3 . 7 .
1 2 3
7
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V e r t e x  7 i s  u n r e l a t e d  to  j u s t  one v e r t e x ,  6, nnd v e r t e x  5 i s  u n r e l a ­
t e d  to  t h e  t h r e e  v e r t i c e s  1, 4 and 6, and so i t  fo l l o w s  from Lemtna 
3 . 1  t h a t  more s u b p r o b l e n  p a l : s  a r e  g e n e r a t e d  when the  p roblem i s  
s p l i t  a r oun d  v e r t e x  5 tha n  when i t  i s  s p l i t  a round  v e r t e x  7. I f  5 i s  
t h e  c l e a v a g e  v e r t e x ,  t h e r e  a r e  s i x  subpr ob lem p a i r s ,  and i f  7 i s  the 
c l e a v a g e  v e r t e x ,  t h e r e  a r e  two s u b p r o b l e n  p a i r s ,  a s  shown in  F ig u r e s  
3 . 6  and 3 . 9  r e s p e c t i v e l y .
The s i x  p a i r s  o b t a i n e d  by s p l i t t i n g  a round  v e r t e x  5 a r e  composed of 
p r i m i t i v e  components  o n ly ,  w i t h  the  e x c e p t i o n  o " t h e  V-shaped compo­
n e n t :
1 2
4
which a p p e a r s  tw ic e ,  and so a f u r t h e r  l e v e l  of  r e c u r  . i on  i s  r e q u i r e d  
t o  r e s o l v e  the  p r o b l ,  c o m p l e t e l y .
VI W1
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v e r t e x  5 i s  the  c l e a v a g e  v e r t e x
The two subpr ob lem p a i r s  o b t a i n e d  by s p l i t t i n g  a round  v e r t e x  7 
c o n t a i n  two n o n - p r i m i t i v e  component s ,  and must be r e s o l v e d  f u r t h e r .  
A no the r  l e v e l  0 1  r e c u r s i o n  ( u s i n g  2 a s  th e  c l e a v a g e  v e r t e x )  r e s u l t s  
i n  t e n  more subprob lems  composed o f  p r i m i t i v e  components  o n l y ,  w i t h  
t h e  e x c e p t i o n  o f  t h e  V-shaped component :
which  a p p e a r s  tw i c e ,  n e c e s s i t a t i n g  s t h i r d  l e v e l  of  r e c u r s i o n  to  r e ­
s o l v e  t h e  problem c o m p l e t e l y .
Compar ing th e  two d i f f e r e n t  c h o i c e s  f o r  the  c l e a v a g e  v e r t e x ,  i t  i s  
a p p a r e n t  t h a t  w h i l e  s p l i t t i n g  a round  v e r t e x  7 r e s u l t s  in  fewer  s u b -  
p r o b le m  p a i r s ,  i t  i s  n o t  n e c e s s a r i l y  t h e  b e t t e r  c h o i c e ;  an  e x t r a  
l e v e l  of  r e c u r s i o n  i s  r e q u i r e d ,  and the  o r i g i n a l  problem i s  b r ok en  
down i n t o  a t o t a l  o f  39 p r i m i t i v e  component s ,  compared w i t h  a t o t a l  
o f  25 when v e r t e x  5 i s  ch os en  as  the  c l e a v a g e  v e r t e x .
The s i x  subprob iem p a i r s  o b t a i n e d  by s p l i t t i n g  around  v e r t e x  5 a r e  
more b a l a n c e d  th a n  the  two p a i r s  o b t a i n e d  by s p l i t t i n g  a round  v e r t e x  
7, i n  the  s e n s e  t h a t  the  e l e m e n t s  a r e  more e v e n l y  d i v i d e d  be tween
th e  two su b p r o b l e n s  in  each subprob lem p a i r  (V,U).  For r> as  th e
c l e a v a g e  v e r t e x ,  t h e r e  a r e  t h r e e  p a i r s  of  subp ro b le ms  of s i z e s  2 and 
4, two p a i r s  of  s i z e s  3 and  3, and one p a i r  of  s i z e s  5 and 1; so th e
a v e r a g e  s i z e s  o f  the  p a i r  (V.W) a r e  2.83  and 2 - . / .  For  7 a? the
VI Ml V2 M2
empty
s e t
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c l e a v a g e  v e r t e x ,  t h e r e  i s  one p a i r  of  sub prob lem s  of s i z e s  5 and 1, 
and one p a i r  o f  s l z ^ s  6 and 0 ;  so  th e  a v e r a g e  s i z e s  o f  th e  p a i r  
(V,W) a r e  5 .5 and  0 .5 .
The r e a s o n  f o r  t h i s  d i l f e r e n c e  in  b a l a n c e  can be seen  by lo o k in g  a t  
th e  s e t s  of  v e r t i c e s  r e l a t e d  t o  5 and 7; v e r t e x  7 i s  r e l a t e d  to  f i v e
o t h e r  v e r t i c e s ,  a l l  of  which  p r oc e ed  7 in  th e  p a r t i a l  o r d e r i n g ,
w h i l e  v e r t e x  5, a l th o u g h  r e l a t e d  to  t h r e e  o t h e r  v e r t i c e s  o n ly ,  p r e ­
c e d e s  one o f  them, and f o l l o w s  the  o t h e r  two i n  the  p a r t i a l  o r d e r i n g  
-  a more b a l a n c e d  s i t u a t i o n .
In  g e n e r a l ,  i f  a p o s e t  c o n t a i n s  among i t s  e l e m e n t s  t h r e e  d i s t i n c t  
e l e m e n t s  x,  y and z where xRy, yRz and xRz, and i f  y i s  chosen  as  
t h e  c l e a v a g e  v e r t e x ,  th e n  the  p a i r  xRz w i l l  n o t  f e a t u r e  in  any of
t h e  s u b p r o b l e m s .  (Since  y i s  th e  c l e a v a g e  v e r t e x ,  i t  does  no t  a p p e a r
i n  any subp ro b le m and so ,  o b v i o u s l y ,  n e i t h e r  w i l l  t he  p a i r s  xRy and 
yRz o r  any o t h e r  p a i r  c o n t a i n i n g  y ) .  Th i s  _ l r  xRz does  n o t  a p p e a r  
i n  any subpr ob l em ,  s i n c e  the  c o n d i t i o n  t h a t  x must p r e c e d e  z i s  now 
i m p l i c i t  i n  t h e  f a c t  t h a t  in  each p a i r  (V,W) of  subprob lems  x e V, 
and z e W. So thi  more e q u a l l y  t h a t  the  v e r t i c e s  r e l a t e d  to  th e  
c l e a v a g e  v e r t e x  a r e  d i v i d e d  between p r e c e d i n g  and f o l l o w i n g  t h i s  
v e r t e x  in  t h e  p a r t i a l  o r d e r i n g ,  th e  more p a i r s  of  th e  form xRz w i l l  
d i s a p p e a r  from th e  subpr ob l em s ,  and t h e r e f o r e  the  s i m p l e r  t h e s e  s u b ­
p r ob le m s  w i l l  be .  .
Note t h a t  in  th e  p r e v i o u s  example ,  a p a i r  of  sub prob lem s  of  s i z e s  5
and 1 a r i s e s  f o r  e i t h e r  c h o i c e  of  c l e a v a g e  v e r t e x .  Because of  th e
b a l a n c i n g ,  th e  subproblem of s i z e  5 o b t a i n e d  w i t h  5 a »  th e  c l e a v a g e  
v e r t e x  i s ,  however,  a much s i m p l e r  prob lem tha n  the  s i z e  5 s u b p r o ­
blem o b t a i n e d  w i t h  7 a s  the  c l e a v a g e  v e r t e x .  The fo rmer  subproblem 
c o n s i s t s  of  two componen ts ,  one p r i m i t i v e  and the  o t h e r  a s i m ple  V- 
s n a p e ,  w h i l e  the  l a t t e r  has  one component ,  which  on f u r t h e r  r e s o l u ­
t i o n  r e s u l t s  in  four  subpr ob lem p a i r s  composed of  u t o t a l  of 13 p r i ­
m i t i v e  componen ts .
In  c o n c l u s i o n ,  we have d i s c u s s e d  how d i f f e r e n t  c h o i c e s  of c l e a v a g e  
v e r t e x  can r e s u l t  i n  v a s t l y  d i f f e r i n g  s e t s  of subprob lem p a i r s ,  and 
how th e  e f f i c i e n c y  of th e  e nu m er a t i on  a l g o r i t h m  i s  a f f e c t e d  by p r o ­
p e r t i e s  such a s  the  s i z e  of th e  s e t  11 of  v e r t i c e s  u n r e l a t e d  to  the  
c l e a v a g e  v e r t e x  t ,  t he  p a r t i a l  o r d e r i n g  on t h i s  s e t ,  and the  measure
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o f  b a l a n c e  between the  v e r t i c e s  p r e c e d i n g  and f o l l o w i n g  th e  c l e a v a g e  
v e r t e x  in  t h e  p a r t i a l  o r d e r i n g .  The q u e s t i o n  t h a t  now comes to  mind 
i s  "what  c r i t e r i a  shou ld  be used to  s e l e c t  the  c l e a v a g e  v e r t e x  to 
a c h i e v e  maximum e f f i c i e n c y ? "  In a t t e m p t i n g  to  answer t h i s  q u e s t i o n  
we f a c e  a number o f  p r o b le m s .
F i r s t l y , t h e  f a c t  t h a t  an a r b i t r a r y  o r d e r i n g  l a c k s  what  Knuth r e f e r s  
t o  a s  " p l e a s a n t  p r o p e r t i e s "  makes a r i g o r o u s  a n a l y t i c a l  e v a l u a t i o n  
o f  th e  problem of c l e a v a g e  v e r t e x  c h o i c e  e x t re m e l y  d i f f i c u l t ,  i f  no t  
i m p o s s i b l e .  T h i s  d i f f i c u l t y  i s  t h e  most p r o b a b le  r e a s o n  why Wells  
o f f e r s  no e x p l a n a t i o n  f o r  h i s  s e l e c t i o n  method,  s i n c e  i t  i s  h i g h l y  
u n l i k e l y  t h a t  t h i s  s e l e c t i o n  method would be g i v e n  a s  p a r t  o f  th e  
e n u m e r a t i o n  a l g o r i t h m  i f  1t  o f f e r e d  no a d v a n t a ge  over  some s i m p l e r  
me thod .  For example th e  c l e a v a g e  v e r t e x  cou ld  be ch os en  ( i )  random­
l y ,  ( i i )  a s  th e  h i g h e s t  numbered v e r t e x ,  o r  ( i i i )  i n  some o t h e r  way.
S e c o n d l y , W e l l s '  s e l e c t i o n  method i s  r e l a t i v e l y  cheap  to  u s e , and 
a n o t h e r  method t h a t  r e s u l t s  in  a b e t t e r  c h o i c e  o f  c l e a v a g e  v e r t e x  
w i l l  n o t  n e c e s s a r i l y  r e s u l t  i n  a more e f f i c i e n t  a l g o r i t h m ,  s i n c e  the  
g a i n s  i n  u s i n g  t h i s  b e t t e r  c h o i c e  o f  c l e a v a g e  v e r t e x  may v e r y  w e l l  
be ou tw e igh ed  by t h e  work in v o l v e d  in  s e a r c h i n g  f o r  i t .
3 . 2 . 2  Repea ted  e n u m er a t i o n  o f  a component
When a prob lem i s  s p l i t  i n t o  suhprob lem p a i r s ,  e v e r y  component  of  
e v e r y  subprob lem i s  enumera ted  s e p a r a t e l y ,  t h e s e  r e s u l t s  e v e n t u a l l y  
b e i n g  combined to  g i v e  th e  r e q u i r e d  s o l u t i o n  to th e  o r i g i n a l  p ro ­
blem.  A p a r t i c u l a r  component  which a p p e a r s  in  a  number o f  d i f f e r e n t  
su bp ro b lc m s  w i l l  be enumera ted  r e p e a t e d l y , once f o r  each  o f  th e s e  
su bp r o b le m s .
That a component appears r e p e a t e d ly  in  d i f f e r e n t  subproblems i s  an 
in he re nt  f e a t u r e  o f  the a lg o r i t hm ,  s in c e  i n  every  subproblem pair  
(V,W) , the v e r t i c e s  that  precede the c l eav ag e  ve r t ex  w i l l  always be 
in  the net  V, and the v e r t i c e s  th at  fo l lo w  the c l ea v ag e  v er t ex  w i l l  
a lways be in the s e t  W. For example,  co n s i d er  the poset  o f  Figure  
3 . 1 0 ( a ) .  I f  v e r t e x  6,  which i s  unr e l a t ed  to the f ewes t  o ther  ver ­
t i c e s ,  i s  chosen as the c l e a v a g e  v e r t e x ,  the  component of  1 iguru  
3 . 1 0 ( b )  w i l l  appear in each o f  th« e i g h t  sulproblem p a i r s .
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R e p e t i t i o n  of  components can be seen  as w e l l  in  t h e  o t h e r  examples
we have, d i s c u s s e d .  For example ,  in  the  p o s e t  of  F i g u r e  3 . 6 ,  i f  y i s
t h e  c l e a v a g e  v e r t e x ,  th e n  the  c h a i n  w^Ru,,  w^Rw^............. *Wn - l Rwn a *>~
p e a r s  in  th e  s e t  W f o r  each  of  t h e  2n subprob lem p a i r s  (V,U).  Even 
though t h i s  ch a i n  i s  a p r i m i t i v e  component cha t  i s  n o t  r e s o l v e d  
f u r t h e r ,  a t  l e a s t  0 ( n )  t ime i s  needed to  t e s t  t h a t  i t  i s  p r i m i t i v e ,  
w h ic h  means t h a t  a t  l e a s t  0 ( n . 2 n ) t ime w i l l  be s p e n t  on u n n e c e s s a r y
r e p e t i t i o n s  of  t h i s  t e s t .
A s i m p le  way to  e l i m i n a t e  the  r e p e a t e d  en u m e r a t i o n  of  componen ts ,  
and so to improve a l g o r i t h m  e f f i c i e n c y ,  i s  to  a l l o t  a t e  0(m) s t o r a g e  
c e l l s  to  "remember" the  components  t h a t  have  n l r e a o  been e v a l u a t e d  
(where m i s  the  number of  c l o s e d  s u b s e t s  o f  t o r i g i n a l  p o s e t  (S,R) 
o f  the en u m era t i on  p r o b l em ) .  T h i s  m o d i f i c a t i o n  can r e s u l t  i n  a ve ry  
s i g n i f i c a n t  improvement in  t h e  speed  of  the  a l g o r i t h m .
CHAPTER 4 - TOO PROBLEMS REDUCIBLE TO TOPOLOGICAL SORTING
4. 0 Incrod i ' c  t l o n
In Q i a p t e r  1 we saw t h a t  t o p o l o g i c a l  s o r t i n g  can be viewed as  a r e ­
s t r i c t e d  p e r m u t a t i o n  prob lem,  t h a t  i s  a prob lem c o n c e r n i n g  t h e  s t u d y  
o f  p e r m u t a t i o n s  o f  n o b j e c t s  t h a t  a r e  c o n s i s t e n t  w i t h  a g iv e n  s e t  of  
r e s t r i c t i o n s .  In t h i s  c h a p t e r  we look a t  two o t h e r  r e s t r i c t e d  p e m u ­
t a t i o n  p r o b l em s ,  and we d e v e lo p  methods to  s o l v e  them by r e d u c in g  
them to  t o p o l o g i c a l  s o r t i n g .
i P e r m u t a t i o n s  w i t h  p r e s c r i b e d  ' i --down seq ue n c es
A p e r m u t a t i o n  P “ p ^ p0 . . . . p ^  o f  { 1 , 2 , . . . , n )  i s  s a i d  to  have  a r i s i n g
se qu en c e  (u£ s e q u e n c e ) i f  p^ < p 1+1 < ..............< p ^ ,  and a f a l l i n g
M g u c n t e  ( down s e q u e n c e ) i f  p^ > p 1+i > ............  > P j + k . D eno t i ng  r i s e s
and f a l l s  by 1 and  0 r e s p e c t i v e l y ,  the  ups  and downs a r e  d e s c r i b e d  
by a s u c c e s s i o n  of  n-1 I ' s  and  0 ' s ,  c a l l e d  the  U-D sequence of  the  
pe rmut . a t lon  p j p ^ . - . - p ^ ,  and t h e  p e m u t a t i o n  i s  c a l l e d  a s o l u t i o n  tc 
t h e U-D se q u e n c e . For example,  the  U-D sequ ence  of  7258361' .  i e  
0, 1, 1, 0, 1, 0, 1 and 81273645 i s  a n o t h e r  s o l u t i o n  t a  t h i s  s e q u e n c e .
A U-D seq uence  s ^ . s ^ , . . .  . s ^  d e f i n e s  a s e t  of  p e r m u t a t i o n s  of  t h e  
form p^P2 »• . p n f o r  which the  c o n s t r a i n t s  t h a t  < p . ^ i i f  -  1
and i f  s^  “ 0 a r e  s a t i s f i e d .  So th e  U —D sequence  r e p r e ­
s e n t s  a p a r t  . a l  o r d e r i n g  " < " ( i . e .  t he  u s u a l  r e l a t i o n  o f  " l e s s
t h a n "  on th e  r e a l  numbers)  o f  the  p o s i t i o n s  p ^ p    pn a c c o r d i n g
to  t h e i r  c o n t e n t s . (The t o p o l o g i c a l  s o r t i n g  p roblem on the  o t h e r  
h i n d ,  i n v o l v e s  a p a r t i a l  o r d e r i n g  of  th e  e l e m e n t s  of  a s e t ) . The 
i ia sse  d i a g ra m s  of t h e s e  p a r t i a l  o r d e r i n g s  h a / e  a c h a r a c t e r i s t i c  z i g ­
zag s h a p e . For example,  the  sequen ce  0 , 1 ,  1,0,  1 ,0 ,  I d e f i n e s  the  
p a r t i a l  o r d e r i n g  shown in  H g u r e  4 . 1 .
The "ups"  of  t he  U-D sequence become the "downs" in the Iiasse d i a ­
grams and v i c e  v e r s a .  This may seem «m unfortunate  co n ve n t i o n ,  going  
a g a i n s t  the usua l  n o t i on  o f  up and down, out i t  i s  p e r f e c t l y  c o n s i s ­
t e n t  with the con cepts  of  up and down in mathemat ica l ,  as opposed to 
b o t a n i c a l ,  t r e o s .
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F i g u r e  4 .1  A " z i g - z a g "  Hassc  d iagram
Given an U-D s e qu en c e  s ^  s 3 [i_ 1, t h e  s o l u t i o n s  of  th e  form p 1p 2
can be found by t r a n s f o r m i n g  th e  p roblem i n t o  an e q u i v a l e n t  
t o p o l o g i c a l  s o r t i n g  p ro b l em .  For  n o t a t i o n a l  co n v e n ie n ce ,  l e t  us de ­
n o t e  t e m p o r a r i l y  p^ by p ( i ) . F i n d in g  a p e r m u t a t i o n  p ( l ) p ( 2 ) . . • p (n )  
c o n s i s t e n t  w i t h  the  p a r t i a l  o r d e r i n g  on the  p ( i ) ' s  d e f i n e d  by the  U- 
D se qu en ce ,  amounts to  f i n d i n g  a p e r m u t a t i o n  a ( 1 ) a ( 2 ) . • . a ( n )  of th e  
s e t  < 1 , 2 , . . . , n >  s a t i s f y i n g
p ( a ( 1 ) )  < p ( a ( 2 ) )  < . . .  < p ( a ( n ) )
-1 -1
t h a t  i s  p ( a ( i ) )  -  1 f o r  i  -  1, 2, . . . , n ,  o r  p ( i )  » a ( i )  where a ( j )  
-  k i f  a ( k )  -  j . T h e r e f o r e  t h e  p e r m u t a t i o n  a \ l ) a  1 ( 2 ) . . .  . a  \ n )  •  
p ( I J  p ( ? ) • . . p (n)  w i l l  have th e  r e q u i r e d  U-D s e qu en c e .
For  example ,  th e  se que nc e  1 , 0 , 0  d e f i n e s  the  p e r m u t a t i o n s  o f  the  form 
P 1P 2P 3P4 s a t i s f y i n g  p^ < p 2, p 2 > p 3, p 3 > p 4 » Th is  p a r t i a l  o r d e r i n g  
can  be ex t end ed  to  the  l i n e a r  o r d e r i n g s
P4 < P3 < ? !  < P2
P4 < ? !  < P3 < P2
Pi < P4 < P3 '  P2
g i v i n g  as  p o s s i b l e  v a l u e s  f o r  a ( 1 )a ( 2 ) a ( 3 ) a (4) the  p e r m u t a t i o n s
4312
4132
1432
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T h e r e f o r e  t h e  i n v e r s e s  o f  t h e s e  p e m u t a t i o n s ,  namely
3421
2431
1432
a r e  the  s o l u t i o n s  to  t h e  U-D se q u en c e  1 , 0 , 0 .
Based  on t h i s  c o n c e p t ,  we have th e  f o l l o w i n g  method to  g e n e r a t e  a l l  
s o l u t i o n s  to  a g i v e n  U-D sequence  s ^ . s . , ,  . . .
( i )  C o n s t r u c t  th e  p a r t i a l  o r d e r i n g  R on th e  s e t  of  i n t e g e r s
< 1 ,2  n) such  t h a t  1R1+1 i f  -  1
and i+ I R i  i f  "  0.
( i i )  Find a l l  t o p o l o g i c a l  s o r t i n g  s o l u t i o n s .
( i l l )  C o n s t r u c t  th e  i n v e r s e s  of  th e  t o p o l o g i c a l  s o r t i n g  s o l u ­
t i o n s ,  g i v i n g  th e  r e q u i r e d  s o l u t i o n s  to  t h e  U-D s e q ue nc e .
VJe now c o n s i d e r  two a l g o r i t h m s  to  g e n e r a t e  U-D se q u e n c e  s o l u t i o n s  
b a s e d  on two o f  t h e  t o p o l o g i c a l  s o r t i n g  a l g o r i th m  a t h a t  were d i s ­
c u s s e d  in  C h a p t e r  2.
4 . 1 . 1  An a l g o r i t h m  based  on th e  Kn uth -Szware f  I t e r  a l g o r i t h m
The Knuth-Szware f  i t e r  a l g o r i t h m  f u r  g e n e r a t i n g  t o p o l o g i c a l  s o r t i n g s  
g i v e n  in  F i g u r e  2 .4 r e q u i r e s  two minor  m o d i f i c a t i o n s  in  o r d e r  to  be 
t r a n s f o r m e d  i n t o  the  a l g o r i t h m  to  g e n e r a t e  U-D se q u e n c e  s o l u t i o n s  
shown in  F i g u r e  4 . 2 .  F i r s t l y ,  t h e  i n p u t  to  th e  a l g o r i t h m  of F ig ur e
4 . 2  i s  n o t  a p a r t i a l  o r d e r i n g ,  b u t  a U-D se q u en c e  c o n t a i n e d  in  a r r a y  
SEQ, and the  p a r t i a l  o r d e r i n g  used in  t h i s  a l g o r i t h m  i s  c o n s t r u c t e d  
f rom t h i s  U-D s e q u e n c e .  The second m o d i f i c a t i o n  to t h e  o r i g i n a l  t o p ­
o l o g i c a l  s o r t i n g  a l g o r i t h m ,  i s  th e  r e p la c e m e n t  of the  s t a t e m e n t
P [ I 1 : -  j ;
appear ing in Figure 2 .4 ,  with the s ta tement
P [ j ] : -  i i
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The change r e s u l t i n g  from t h i s  r e p l a c e m e n t  i s  t h a t  t h e  a r r a y  P, 
i n s t e a d  of  c o n t a i n i n g  ea ch  t o p o l o g i c a l  s o r t i n g  s o l u t i o n  as  i t  i s  
g e n e r a t e d ,  w i l l  now c o n t a i n  the  i n v e r s e  o f  each such s o l u t i o n .  So 
t h e  U-D seq u en c e  s o l u t i o n s  w i l l  be g e n e r a t e d  d i r e c t l y  from th e  
p a r t i a l  o r d e r i n g ,  and t h e  i n t e r m e d i a t e  s t e p  of  e x p l i c i t l y  computing 
th e  t o p o l o g i c a l  s o r t i n g s  i s  n o t  n e c e s s a r y .
From v . i a p t e r  2 we know t h a t  f o r  a p a r t i a l  o r d e r i n g  r e p r e s e n t e d  by m 
p a i r s  IRj on a s e t  of  n e l e m e n t s ,  t h e  Knuth -Szware f  i t e r  a l g o r i t h m  
needs  O(nrt-n) t ime to  g e n e r a t e  each  s o l u t i o n .  Now a U-D sequence  of  
l e n g t h  n-1 a lwa ys  d e f i n e s  a p a r t i a l  o r d e r i n g  which  we r e p r e s e n t  by 
n-1 p a i r s ,  and t h e r e f o r e  th e  a l g o r i t h m  of F i g u r e  4 .2  r e q u i r e s  0 (n)  
t i m e  p e r  s o l u t i o n  g e n e r a t e d .
p r o c e d u r e  GENERATE_KS(SEQ,n): 
ben in  S: -  <1,2,  . . . , n > ;
c o n s t r u c t  the  p a r t i a l  o r d e r i n g  R on S s u i h  t h a t
f o r  U -  1 , 2 .......... ..  lR i+ 1  i f  SEQ [1] -  1
and i+ I R i  i f  SEQ [ i ]  -  0;
M:■ ( y | t h e r e  i s  no x such t h a t  xRy };
UPDOUNJCSd);
end ;
p r o c e d u r e  UPDOUNJCS ( i ) :
b e g i n  i f  I « n then  P [ n ] : -  s o l e  e l em en t  o f  M; PROCESS(P); 
e l s e  f o r  I t  M do
ber.In e r a s e  a l l  p a i r s  of  the  form JR k ; 
P ( j ] i -  i ;
U PD0WN_KS ( l + l ) ;
r e t r i e v e  a l l  p a i r s  o f  th e  form jRk ;
end;
e n d l f ; 
r e t u r n ;
F l x u r e  4 . 2  An a l g o r i t h m  to  e n e r a t e  U-D se que nc e  s o l u t i o n s
4.  1 .2  An a l g o r i t h m  based  on V a r o i ' s  a l a o r l t h n
The a l g o r i t h m  based  on the  K a u t h - S z v a r c f i t e r  a l g o r i t h m  computes  U-D 
s o l u t i o n s  d i r e c t l y  from t h e  p a r t i a l  o r d e r i n g ,  s k i p p i n g  o u t  th e  s t e p  
o f  comput ing e x p l i c i t l y  t h e  c o r r e s p o n d i n g  t o p o l o g i c a l  s o r t i n g s .  For 
any a l g o r i t h m  ba se d  on V a r o l ' s  a l g o r i t l i m  t h i s  s t e p  must be i n c l u d e d ,  
s i n c e  each t o p o l o g i c a l  s o r t i n g  s o l u t i o n  g e n e r a t e d  (w i th  the  exc ep ­
t i o n  of  t h e  s t a r t i n g  s o l u t i o n )  i s  c o n s t r u c t e d  from t h e  p r e v io u s  s o ­
l u t i o n .
An a l g o r i t h m  based on V a r o l ' s  a l g o r i t h m  i s  g iv e n  in  F ig u re  4 . 3 .  The 
a r r a y  P 1= used to  s t o r e  t o p o l o g i c a l  s o r t i n g  s o l u t i o n s  as  they a r e  
g e n e r a t e d ,  t h e  a r r a y  Q i s  used to  s t o r e  th e  c o r r e s p o n d i n g  U-D s o l u ­
t i o n s ,  and t h e  a r r a y  SEQ c o n t a i n s  t h e  U-D se q ue nc e  ^ »s 2 » 1 * *»s n_ i  33 
i t s  f i r s t  n-1 e n t r i e s  and 1 a s  i t s  n - t h  e n t r y .
R e c a l l  t h a t  V a r o l ' s  a l g o r i t h m  r e q u i r e s  an i n i t i a l  t o p o l o g i c a l  s o r t ­
i n g  s o l u t i o n  ( t h e  s t a r t i n g  s o l u t i o n )  which i s  renamed 1 2 . . . n .  !tak ing 
u s e  o f  the  i r t i c u l a r  n a t u r e  of  th e  type  of  p a r t i a l  o r d e r i n g  d e f i n e d  
by a U-D se q u e n c e ,  we have  t h e  f o l l o w i n g  method to  compute a s t a r t ­
i n g  s o l u t i o n  i n  l i n e a r  t im e .  (For an a r b i t r a r y  p a r t i a l  o r d e r i n g  no 
s u c h  l i n e a r  method e x i s t s ) .
C o n s i d e r  the  se qu en c e  S ■ s ^ , s 2 , • • • , whe r e  3 s 2’ ’ *‘ ’ s n- l  
the  g iv e n  U-D se q u en ce ,  ano “ 1*
(1)  Scon t h e  se q ue n c e  S from l e f t  t o  r i g h t ,  and o u tp u t  1 f o r  
each  -  1 a s  i t  i s  e n c o u n t e r e d .
(2)  Scan the  s e q ue nc e  S f rom r i g h t  to  l e f t ,  and o u tp u t  i  f o r  
each  s .  -  0 a s  i t  i s  e n c o u n t e r e d .
For  example ,  g iv en  the  U-D se q u en c e  1,0,  0 , 1 ,  Owe g e t  t i e  sequen ce  S 
-  1 , 0 , 0 , 1 ,  0 , 1 .  Scann ing  S from l e f t  to  r i g h t ,  we e n c o u n t e r  1 ' s  in  
p o s i t i o n s  1 , 4 , 6  and so we o u t p u t  146; th e n  s c a n n in g  S from r i g h t  to 
l e f t ,  we e n c o u n t e r  0 ' s  in  p o s i t i o n s  5 ,3, -  and so we o u t p u t  3 J _ .  1 he
com pl e t e  o u t p u t  i s  t h e r e f o r e  t h e  p e r m u t a t i o n  146532.
T h i s  p e r m u t a t i o n  i s  a s o l u t i o n  to th e  t o p o l o g i c a l  s o r t i n g  problem 
1R2, 3R2, 4R3, 4R5, 6R5 d e f i n e d  by the  U-D se qu enc e  1, 0, 0, 1, 0 and 
i t s  I n v e r s e ,  165243 i s  a s o l u t i o n  to t h i s  U-D svqu .nce.
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p r o c e d u r e  GEHEl<ATE_V(SEQ.n): 
b e g i n  STARTItlG_SOLUTION CH );
f o r  1 : "  1 t o  n do Q fH f l l  1: ■ 1;
c o n s t r u c t  th e  p a r t i a l  o r d e r i n g  R on { 1 , 2  n} such  t h a t
l o r  i : -  1 , 2 .......... ..  Q [ i ]  R Q[i+1]  I f  SEQ[1] -  1
and Q [i+1 ] R Q [ l ]  i f  SEQ[1] -  0;
UPDOWN.y;
e n d ;
p r oc e d  i r e  UPULXJN_V;
b e g i n  f o r  1 ; -  1 t o  n do P [ i ] : -  L OG[ i ] ; -  i ;
PROCESS (Q); 
l ; -  1;
w h i l e  1 < n do
beg in  I f  1 I s  n o t  b l oc ked
the n  J : ^ r i g h t - h a n d  n e i g hb o u r  of  1; 
t r a n s p o s e  i  and j ;
LOG[ ! ] ! •  L O G [ i j + l ; 1 ; -  1;
CONVERT (P.H.Q);
PROCESS(Q); 
a l s o  ROTATE(1) ;
L O C U h -  1} 1 ; -  1+1;
end i t ;
e n d ;
r e t u r n :
F ig u re  4 . 3  An a l g o r i t h m  to g e n e r a t e  U-D se q u en c e  s o l u t i o n : -
i t  l a  easy  to see  t h a t  t h i s  method o f  f i n d i n g  a s t a r t i n g  s o l u t i o n  to  
t h e  t o p o l o g i c a l  s o r t i n g  p rob lem d e f i n e d  by th e  U-D seq uence  s ^ , s , 
' ' " ' v a l i d • For i  * 1 , 2 , . . . , n - l ,  i f  * I,  we have  th e  p a i r  
1R1+1 and in  th e  p e r m u t a t i o n  c o n s t r u c t e d ,  i  i n de ed  a p p e a r s  to the  
l e f t  o f  1+1, and s i m i l a r l y  i f  -  0.  (Note t h a t  i t  i s  n o t  impor­
t a n t  t h a t  s n -  1, t h e  method i s  s t i l l  v a l i d  i f  -  0 ) .  A l though 
t h i s  method has  been d e s c r i b e d  in  t e rm s  o f  two s c a n s  of  t h e  s e ­
quence  one scan o n ly  i s  n e c e s s a r y ,  as  shown In the  STARTING SOLUTION 
p r o c e d u r e  g iv en  in  F i gu re  4 . 4 .
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p r o c e d u r e  STARTIHG_SOLUTIOH (II): 
b e c l n  u p : -  1; down: -  n ;  
f o r  1 :=  I r o n  do
b e g i n I f  SEQ [1] -  1 th e n  H [ u p ] : = 1;
u p : -  up+1 ; 
e l s e  H[down]: -  1;  
aown: -  down-1 ;
end I f ;
e n d ;
r e t u r n ;
F i g u r e  4 . \  P ro c e d u r e  to  f i n d  u s t a r t i n g  s o l u t i o n
The p e r m u t a t i o n  c o n s t r u c t e d  by th e  p r o c e d u r e  STARTING_SOLUTION to  be 
use d  as  the  s t a r t i n g  s o l u t i o n  i s  s c o r e d  in  a r r a y  H. I t  i s  c o n v e n i e n t  
t o  v iew a r r a y  H a s  a mapping o f  1 2 . . . n on to  t h e  p e r m u t a t i o n  con­
s t r u c t e d .  The i n v e r s e  mapping H r e p r e s e n t s  t h e  r enaming f u n c t i o n  
( i . e .  i t  maps t h e  s t a r t i n g  s o l u t i o n  on to  1 2 . . . n ) .  Ar ray  Q, (which  i s  
l a t e r  used to  s t o r e  t h e  U-D sequen ce  s o l u t i o n s )  i s  used t e m p o r a r i l y  
i n  p r o c e d u r e  GENERAIE_V t o  r e p r e s e n t  t h i s  r enaming  f u n c t i o n  H  ^ f o r  
t h e  pu rp ose  of  comput ing t h e  s e t  of  p a i r s  iRj  of  th e  renamed p a r t i a l  
o r d e r i n g .
The p r o c e d u r e  VPD(AIN_V i s  s imp ly  t h e  same as  p r o c e d u r e  TOPSORTS_V oi 
V a r o l ' s  g e n e r a t i n g  a l g o r i t h m  in  F i g u r e  2 .5,  w i t h  the  a d d i t i o n  of  I 
c a l l  t o  a p r o c e d u r e  CONVERT a p p e a r i n g  l u s t  b e f o r e  the second c a l l  to  
t h e  PROCESS macro.  The p r o c e d u re  CONVERT w i l l  c o n v e r t  a renamed t o p ­
o l o g i c a l  s o r t i n g  s o l u t i o n  t o  the  c o r r e s p o n d i n g  U-D se que nc e  s o l u t i o n  
by (1)  t r a n s l a t i n g  t i . -  . i . : .. t o p o l o g i c a l  co r  t i n g  back to i t s  r r i -
g i n a l  name, and then  (11) i n v e r t i n g  t h i s  p e r m u t a t i o n .  That  1 , i f  
t h e  a r r a j  P c o n t a i n s  t h 2 renamed t o p o l o g i c a l  s o r t i n g  si 1u t i c n ,  he 
p r o c e d u r e  CONVERT c o n p u t a s  ’r r a y  Q s i . ch t h a t
Q [ i ] i -  (It [ V [ i l l ) 1 f o r  i  -  .......... .
o r  e q u i v a l e n t l y ,
[v ’ •: i • i  * i )  2 , . . . ,  .
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A c a l l  to procedure CONVERT Is not  r e q u i r e d  p r i or  to the f i r s t  c a l l  
t o  PROCESS, s i n c e  at  t h i s  s t a g e  array Q c o n t a i n s  the in v e r s e  of  the  
s t a r t i n g  s o l u t i o n  which i s  in  array H, that .s Q a lready co n t a in s  
t h e  U-D sequence s o l u t i o n  corresponding to the s t a r t i n g  t o p o l o g i c a l  
s o r t i n g  s o l u t i o n .
C o n s i d e r  f o r  example ,  t h e  U-D se q u e n c e  0 , 1 , 0 ,  0 , 1 .  T h i s  se qu enc e  de­
f i n e s  th e  p a r t i a l  o r d e r i n g
2R1 
2R3 
4R3
The p r o c e d u r e  STARTING_S0LUrION c o n s t r u c t s  t h e  a r r a y  H c o n t a i n i n g  
t h e  p e r m u t a t i o n  256431 to  be  used as  th e  s t a r t i n g  s o l u t i o n  to  the  
t o p o l o g i c a l  s o r t i n g .  T h i s  p e r m u t a t i o n  i s  renamed 123456 and th e  p a r ­
t i a l  o r d e r i n g  i s  renamed g i v i n g
H- 1 (2)  R H- 1 ( l )
H~l (2)  R H~l (?)
H- l (4)  R H- 1 (3)
t h a t  i s  1R6
1R5 
4R5
A l l  s o l u t i o n s  to  the  renamed t o p o l o g i c a l  s o r t i n g  p roblem a r e  now 
g e n e r a t e d .  For example,  a p a r t i c u l a r  s o l u t i o n  i s  216435;  t r a n s l a t e d  
by t h e  mapping H to  i t s  o r i g i n a l  name we g e t  521463,  and i n v e r t i n g  
t h i s  p e r m u t a t i o n  g iv e s  t h e  U-D seq uenc e  s o l u t i o n  326415.
The c o m p u ta t io n  of  U-0 s e q u e n c e  s o l u t i o n s  by p r o c e d u r e  CONVERT r e ­
q u i r e s  the  r e c o m p u t a t i o n  o f  a l l  n e n t r i e s  of  a r r a y  Q f o r  each  s o l u ­
t i o n  g e n e r a t e d ,  however s u c c e s s i v e  s o l u t i o n s  u s u a l l y  d i f f e r  from 
e a ch  o t h e r  in  a co up l e  of  p o s i t i o n s  o n l y .  (For  i n s t a n c e ,  in the  pre­
v i o u s  example ,  t h e  f i r s t  two U-D s o l u t i o n s  generated  a r e  615423 and 
625413 which d i f f e r  from one another in two p o s i t i o n s  o n l y ) .  Modify­
i n g  th e  p r o c e d u r e  UPD0UN_V o f  Figure 4 . 3  to  o b v i a t e  t he  c o n s t a n t  re -  
c o m p u t a t i o n  of  a r r a y  Q r e s u l t s  in the  improved procedure UPDCUN_I 
shown in  F ig ur e  4 . 5 .
H"1 (5) R H- 1 (4)  
H-1 (5)  R H- 1 (6)
2R4
2R3
5R4
5R6
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p r o c e d u r e UPDuJN_I:
beg in  f  jt 1: ■ 1 £0 n do P [1] : “ LOG [ 1 ] : ■ i  ;
PROCESS (Q);
l i -  i s
w h i l e  1 < n do
b e g i n  J_f 1 i s  n o t  b lo c k ed
the n  J : -  r i g h t - h a n d  ne i gh b o ur  of  1; 
t r a n s p o s e  1 and j ;
QIH[J]]s  -  L O C t i ] ; q[H [1] ] : -  LOG [ i ] + l ;  
LOG[ 1 ] : “  LOG[i] +1;  1 : -  1}
PROCESS (Q); 
e l s e  ROTATE(i); 
k : -  LOG [1];  
wh i l e  k > 1 do
bee; In Q [H [P [k] ] S -  k ;  
k : -  k - 1 ;
end;
LOCti]: -  1,  i : -  1+1;
e n d l f ;
end ;
r e t u r n ;
F i g u r e  4 . 5  Improved v e r s i o n  of  th e  p r o c e d u r e  UPDCWN_V
The p r o c e d u r e  UPDOWN_V o f  f i g u r e  4 . 3  h e s  been a l t e r e d  so t h a t  when­
e v e r  the  c o n t e n t s  of  a r r a y  P a r e  changed,  th e  c o r  e s po nd i ng  changes  
to  a r r a y  Q a r e  made. F i r s t l y ,  when a t o p o l o g i c a l  s o r t i n g  i s  computed 
from t h e  p r e c e d i n g  one by a s i m p l e  t r a n s p o s i t i o n  of  a p a i r  o f  e l e ­
ments  of  a r r a y  P, th e  c o r r e s p o n d i n g  U-D s e q u e n c e  s o l u t i o n  i s  com­
p u t e d  by a t r a n s p o s i t i o n  of e l e m e n t s  of Q. T h i s  i s  a c h ie v e d  u s in g  
t h e  s t a t e m e n t s
QtHtJl h-  LOG 111; 
q [ H [ i ]  ] : -  LO C[ i ]+ l ;
i n  F ig ur e  4 . 5  which r e p l a c e  th e  c a l l  to  p r o c e d u r e  CONVERT.
E l i m i n a t i n g  t h i s  p r o c e d u re  r e s u l t s  in  a s a v in g  o f  0 ( n )  t ime pe r  so ­
l u t i o n  g e n e r a t e d ,  bu t  t h e r e  a r e  now e x t r a  o v e r h e a d s .  I n  o r d e r  t o  
keep Q " u p - t o - d a t e "  w i t h  P a t  ivo ry s t e p  o f  t h e  a l g o r i t h m ,  whenever  
c y c l i c  r i g h t - r o t a t i o n s  a r e  pe r fo rmed  on P between t h e  g e n e r a t i o n  o f  
s u c c e s s i v e  t o p o l o g i c a l  s o r t i n g s ,  t h e  c o r r e s p o n d i n g  o p e r a t i o n s  must 
be pe r f o r m ed  on a r r a y  Q. T h i s  i s  a c h i e v e d  by t h e  "w h i l e"  loop  t h a t  
f o l l o w s  th e  c a l l  t o  p r o c e d u r e  ROTATE i n  F ig u re  A . 5. R o t a t i n g  the  
e l e m e n t s  o f  P r e q u i r e s  a s im p le  c y c l i c  r i g h t - r o t a t i o n  of  th e  e l e ­
ments  i n  p o s i t i o n s  i , i + l , . . . ,L O C ( i ) , an o p e r a t i o n  which can be p e r ­
formed v e r y  e f f i c i e n t l y  on some co m p u te r s .  The c o r r e s p o n d i n g  o p e r a ­
t i o n s  on the  e l e m e n t s  H[P [ i ) ] ,  ll[P [ i+1 ]  .................. [LuC [ i ] 1 o a r r a y  Q
may n o t  be us  s i .  / . e ,  s : n c e  th e s e  e l e m e n t s  a r e  n o t  nect  "  \ . f  c o n ­
t i g u o u s .
L e t  us now compare the  t i m es  c o m p l e x i t i e s  of  t h e  p r o c e d u r e s  UPDOWN_V 
( F i g u r e  4 . 3 )  and UPD0WN_1 ( F i g u r e  4 . 5 ) .  Suppose t h a t  a U-D sequence  
o f  l e n g t h  n - l  d e f i n e s  a t o p o l o g i c a l  s o r t i n g  prob lem which has  t  s o ­
l u t i o n s ,  and t h a t  r  c y c l i c  r i g h t - r o t a t i o n s  o f  e l e m e n t s  o f  a r r a y  P 
a r e  e x e c u t e d  in  t h e  p r o c e s s  o f  g e n e r a t i n g  t h e s e  s o l u t i o n s .  Both of 
th e  p r o c e d u r e s  UPUOUN V and UPDOWNJ w i l l  r e q u i r e  0 ( r + t )  t ime to  
g e n e r a t e  t h e s e  t o p o l o g i c a l  s o r t i n g s  s i n c e ,  a s  we saw in  Chap te r  2 ,  
t h i s  i s  th e  t ime c o m p le x i ty  o f  V a r o l ' s  g e n e r a t i n g  a l g o r i t h m .
To c o n v e r t  t h e s e  t  t o p o l o g i c a l  s o r t i n g s  i n t o  U-l) sequence  s o l u t i o n s ,  
the  p r o c e d u r e  UPUOWNV r e q u i r e s  t - 1  c a l l s  to  t h e  0 ( n )  CONVERT p r o ­
c e d u r e  g i v i n g  a t o t a l  c o n v e r s i o n  t im e  o f  0 ( n t ) .
The p r o c e d u r e  UPDOWN [ g e n e r a t e s  e v e r y  t o p o l o g i c a l  s o r t i n g  s o l u t i o n  
( e x c e p t  th e  s t a r t i n g  s o l u t i o n )  from the  p r e v i o u s  one by t r a n s p o s i n g  
e l e m e n t s  o f  P,  and so t h e  c o r r e s p o n d i n g  t - 1  t r a n s p o s i t i o n s  of e l e ­
ments  o f  Q r e q u i r e  2 c ( t - l )  t im e ,  f o r  some c o n s t a n t  c .  The o p e r a t i o n s  
pe r f o rm ed  on a r r a y  <) c o r r e s p o n d i n g  to  th e  r o t a t i o n s  of  e l em e n t s  o.  
a r r a y  P a r e  e x a c t l y  th o s e  o p e r a t i o n s  t h a t  would be performed on V i f  
ROTATE were not  a p r i m i t i v e  o p e r a t i o n ,  but a pr oce dur e  r e q u i r i n g  
t ime p r o p o r t i o n a l  to  th e  sequences  being  r o t a t e d ,  and from Ch ap te r  2 
we know t h a t  t h e  t o t a l  t ime r  quired by ROTATE i f  i t  i s  not  p r i m i ­
t i v e  i s  2 d ( r + t - 1 ) .  So t he  t o t a l  t ime required by procedure UPDOWNjt 
f o r  a l l  o p e r a t io n s  on Q, and t h e r e f o r e  i t s  t o t a l  conv ers ion  t ime Is 
2 c ( t - 1 ) + 2d( r + t - 1 ) -  2dr +  2 ( c + d ) t  -  2(c+d)  which i s  0 ( r + t ) .
*rom Chapter 2 we know that r < nt and ao UPDOWN_V ha. time c o .p le , . -  
I t y  0 (r+ t)  + 0 (n t )  -  0 ( n t ) .  and UPDOHN_I has time complexity O (r f t )
+ 0 (r + t )  -  O(rt-t). So c le a r ly  UPDOWNJ i s  the b e tter  procedure, 
s in c e  i t  i s  a t  l e a s t  as f a s t ,  i f  not fa s te r  than UPDOWNV.
The method used in procedure S T A R T IHC_SOLUTION in Figure 4 .4  to con­
s t r u c t  a s ta r t in g  to p o lo g ica l  so r t in g  s o lu t io n  in l in e a r  time i s  by 
no means unique. An In teres t in g  a l t e r n a t iv e  method i s  as fo llow s:
As before ,  consider the sequence S = s i , s 2 ............ s n w''ere 81 * 2*
is  the given U-D sequence and s ^ = l .
(1 )  P a r t i t io n  the sequence S in to  subsequences C^.C^........... c r
p l a c i n g  a v e r t i c a l  l i n e  a t  e i t h e r  e n d  o f  S, and a l s o  a f t e r  
e v e r y  s^ = l .  For e a c h  s u b s e q u e n c e  C^, m -  1 , 2 ............r p e r ­
f o r m  S t e p  (2 ) .
(2 )  Output k , k - l , . . . , j + l , j  where -  s j , s j+1 s k- i ' s k*
For example given the U-D sequence 0 . 0 , 1 , I , 0 ,0 ,0  we have S -  0 , 0 . 1 ,  
1 ,0 , 0 , 0 , 1  which i s  partit ioned  as fo llow s:
lO .O . l l l lO ,0 ,0 ,1 1 .
That i s ,
Cj -  0 , 0 , 1  -  s 1 , s 2 , s 3
c2 - 1 -  \
C3 -  0 ,0 ,0 ,1  -  a3 , s ^ , s 2 ,Sg
S tart in g  with we output 321, then going on to Cg we output 4, and 
f i n a l l y  reaching C3 , we output 8765, and so the complete output i s  
the permutation 32148765. This permutation i s  a so lu t io n  to the top­
o lo g ic a l  so r t in g  problem defined by the U-D sequence 0 , 0 , 1 , 1 , 0 , 0 , 0 .
A procedure for t h i s  method i s  shown in Figure 4 .6 .  We can show that
t h i s  method w i l l  always construct a so lu t io n  to the topologica l
so r t in g  problem defined by the g iven U-D sequence, by using the same 
argunent we used to prove that the previous method worked c o r r e c t ’ v.
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pr o c e d u re  ALTERNATIVE_STARTI!liJ_SOLUrION (H): 
ber . ln J : -  1;
f o r  i : *  1 to  n do
b e g i n  i f  SEQ[1] -  1 t h e n  
k : -  1;
wh i l e  1 < 1 do
b e i i n  H [ j ] : -  k ;  j : •  j+ 1 ;  k : -  k - 1 ; e n d ;
e n d l f  ;
e n d ;
r e t u r n ;
F i g u r e  4 . 6  A second  u e t h o d  Co c o n s t r u c t  a s t a r t i n g  s o l u t i o n
The i n t e r e s t i n g  p o i n t  abo u t  t h i s  second method i s  t h a t  the  t o p o l o g i ­
c a l  s o r t i n g  s o l u t i o n  c o n s t r u c t e d  i s  th e  s m a l l e s t  s o l u t i o n  ( i n  l e x i ­
c o g r a p h i c a l  o r d e r i n g )  and i t  i s  an i n v o l u t i o n , t h a t  i s  a p e r m u t a t i o n  
which i s  i t s  own i n v e r s e .  S ince  t h i s  p e r m u t a t i o n  i s  an i n v o l u t i o n ,  
i t  i s  a l s o  a s o l u t i o n  to  th e  U-D s e qu en c e  d e f i n i n g  th e  t o p o l o g i c a l  
s o r t i n g  p roblem,  and so t h i s  method can be v iewed  as  a c o n s t r u c t i v e  
p r o o f  t h a t  ev e r y  U-D s e q u e n c e  has  as  a s o l u t i o n  a t  l e a s t  one i n v o l u ­
t i o n .
We can  e a s i l y  se e  t h a t  p ^ p 7 . . . . p ^ ,  t h e  p e r m u t a t i o n  c o n s t r u c t e d  by 
t h i s  method i s  an i n v o l u t i o n ,  s i n c e  f o r  each sub se quence  -  s ^ ,
S j +1 s k - l , s k we liave t h a t
Pk ‘  J 
Pk-1 " J+1
Pj+1 -  k-1 
PJ " k
That i s  p1 ■ b <■> p.o * a for a,b -  1, 2, . . . .  ,n .  Further, i t  can be 
seen that the permutation w i l l  be the sm allest  to p o lo g ica l  sort ing  
so lu t io n  ( in  lex ico g ra p h ica l  o r d e r in g ) , by noting that at each stage  
in the construction  of the permutation ptp . .p ^  t he choice for p.
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i s  C h e  s m a l l e s t  p o s s i b l e  i n t e g e r  c h a t  c a n  b e  s e l e c t e d  w i t h o u t  c o n ­
t r a d i c t i n g  t h e  r e s t r i c t i o n s  o f  t h e  p a r t i a l  o r d e r i n g .
4 . 1 . 3  E n u m e r a t i o n  of U-0 s e q u e n c e  s o l u t i o n s
The number of  p e r m u t a t i o n s  h av in g  a g iv e n  U-D se q u e n c e  can be com­
p u t e d  by a p p l y i n g  W e l l s '  e n u m e r a t i n g  a l g o r i t h m  ( C h a p t e r  3) to t n e  
t o p o l o g i c a l  s o r t i n g  p roblem d e f i n e d  by the  U-D s e q u e n c e .  More d i r e c t  
e n u m e r a t i o n  t e c h n i q u e s  a r e  g-'ven by Niven [1968] and Fou lk ea  [197b] .  
The f o l l o w i n g  r e s u l t ,  wh ich  i s  f rom Niven [1968] can be used to  de ­
s i g n  an a l g o r i t h m  to en u m er a t e  U-D sequence  s o l u t i o n s .
, k r be the
I f
L e t  S -  s . , S t , . . . . , s n-1 be a U-D se q u e n c e .  Le t  k ^ k ^ .  
s u b s c r i p t s  of  th o s e  s ^ s  h a v i n g  v a l u e  0 where ^  < k 2 < . . .  < k ,
S c o n s i s t s  of  a sequence  of  1 ' s  th e n  r  -  0.  Then H(S) ,  th e  number of
s o l u t i o n s  to  t h e  U-D sequen ce  S e q u a l s  t h e  d e t e r m i n a n t  of  o r d e r  r+ .  
w i t h  the  b in o m i a l  c o e f f i c i e n t  ( j ^ )  a t  t h e  i n t e r s e c t i o n  of  row 1
and column 1 ( i . j  -  1 , 2 ............  where k Q -  0, k . -  n and ( t ) -  0 i f
9 and
example, i f  s -  1, 0, 1, 1. 0 , 1 , 1,1 th e n k l "
2, k 2 -  5, k 3 -
(o> (5)
I 1 0
N’(S) - (o > <2> ( 5 ) - 1
10 1 -  1099
<0> (2> (1) 1 36 126
4.2  Permutations with a tlven number of runs
If we place a v e r t i c a l  l in e  at both ends of a permutation P1P2*1-P, 
and a lso  between and pj+1 whenever Pj > pJ+1, the segments in be­
tween pairs of l in e s  are c a l le d  runs. For example, the permutation
| 2 6 9 |7 | 4 8 |1 3 |
hao 4 ru n 1.*
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Now a p e r m u t a t i o n  w i t h  k r^ns  h as  a U-D s e q u t n c e  w i t h  k-1 0 3 . So
t h e  p roblem of g e n e r a t i n g  a l l  p e r m u t a t i o n s  o f  { 1 , 2  n> h a v i n g  k
r u n s  can  be s o lv e d  by f i n d i n g  a l l  U-D s e q u en c es  which have  k - 1
0 ' s  (and n-k I ' s ) ,  and the n  g e n e r a t i n g  a l l  t h e  s o l u t i o n s  to  ea ch  o f  
t h e s e  U-D se q u e n c e s  by r e d u c in g  them to  t o p o l o g i c a l  s o r t i n g  p r o b ­
l e m s .  A f a r  more e f f i c i e n t  a l g o r i t h m  can be d e s i g n e d  by making use  
o f  th e  f o l l o w i n g  symmetry.
Lemma 4 .1  I f  a , a 1. . . a n i s  a p e r m u t a t i o n  o f  { 1 , 2 , . . . n }  h av i ng  t h e  U-D
s e q u e n c e  b -  " i , » 2 ' " " " n - l  and l f  b i  “ n+1~a n + l - i  £° r  1 *..... .................
. . . , n  th e n  th e  p e r m u t a t i o n  b ^ b y . . b ^  has  the  r e v e r s e  U-D sequen ce  S*
'  an - l ‘ a n - 2 « - ’ * J r
P r o o f : Let  T -  t ^ t g  d e n o t e  the  U-D s e q u e n c e  of  th e  permu­
t a t i o n  b 1b 2 - . . b n . I f  s i  -  1, t h e n  a^ < a 1+l> so bn_ 1 < bn+1_1 and 
t h e r e f o r e  t ^  -  1. S i m i l a r l y  i f  ^  -  0 th e n  t n-1  -  0.  Hence T -  S*
■ V i , s n - 2  8 r
So i f  t h e  s o l u t i o n s  to a U-D seq uenc e  S -  3 i » s 2*• ’ ’ *8n- l  haVe been
g e n e r a t e d ,  by r e v e r s i n g  each s o l u t i o n ,  and r e p l a c i n g  e v e r y  e l e m e n t  t 
by n+1-1 ,  t h e  s o l u t i o n s  to th e  r e v e r s e  U-D sequence  S* -  3n _ i ' * n _ 2 '  
. . . , s  1 a r e  o b t a i n e d .
For  example g i v e n  t h e  s o l u t i o n s
3421
2431
1432
to  t h e  U-D seq uenc e  1 , 0 , 0  r e v e r s i n g  each s o l u t i o n  and r e p l a c i n g  each  
1 by 5-1 g i v e s
4312
4213
3214
which are the so lu t io n s  to the U-D sequence 0 ,0 ,1 .
I t  i s  easy to sea that i t  i s  always cheaper to generate the so lu ­
t io n s  to S* d ir e c t ly  from the so lu t io n s  to S in th is  way, than by
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u s i n g  any U-D se q u en c e  s o l u t i o n  g e n e r a t i n g  a l g o ' i t h n .  C o n s id e r  any 
such g e n e r a t i n g  a l g o r i t h m ,  and assume t h a t  an a r r a y  P i s  used to 
s t o r e  each s o l u t i o n  as  i t  i s  g e n e r a t e d .  The a l g o r i t h m  must c o n t a i n  
a s s i g n m e n t  s t a t e m e n t s  of  th e  form
P [ i ] : -  J;
By i n s e r t i n g  a f t e r  each such s t a t e m e n t ,  t he  s t a t e m e n t
R [n+1 - 1 ] :  * n + l - j ;
t h e  s o l u t i o n s  to t h e  r e v e r s e  U-D se qu enc e  a r e  o b t a i n e d  a t  a c o s t  of  
e x e c u t i n g  t h e s e  a s s ig n m e n t  s t a t e m e n t s  o n ly  which i s  o b v i o u s l y  che ap­
e r  th a n  e x e c u t i n g  t h e  whole a l g o r i t h m  a g a i n .
By d i v i d i n g  a l l  t he  ( £ _ [ )  U-D s e q u e n c e s  o f  l e n g t h  n-1 h a v i n g  k-1 0 ' s  
and  n-k  I ' s  i n t o  p a i r s  ( S , S * )  where S* i s  th e  r e v e r s e  o f  S we t h e r e ­
f o r e  have th e  f o l l o w i n g  a l g o r i t h m  to  g e n e r a t e  a l l  p e r m u t a t i o n s  of 
< 1 , 2 , . . . , n )  wh ich  have k ru n s :
(1 )  For each  p a i r  ( S , S * ) ,  g e n e r a t e  the  U-D sequence  s o l u t i o n s  
to  S u s i n g  a U-D sequence  s o l u t i o n  g e n e r a t i n g  a l g o r i t h m .
(2)  I f  S f  S*, th e n  g e n e r a t e  th e  s o l u t i o n s  to  2* by comput ing 
them d i r e c t l y  from the  s o l u t i o n s  to  S. ( I f  S -  S*,  the n  ob­
v i o u s l y  th e  s o l u t i o n s  to 5 a r e  th e  s o l u t i o n s  to S* as  w e l l ,  
and must n o t  be g e n e r a t e d  a second  t i m e ) .
4 . 2 . 1  Enumera t ion of  p e r m u t a t i o n s  w i t h  a Riven number of  run s
The p roblem of g e n e r a t i n g  a l l  p e r m u t a t i o n s  w i t h  a g iv e n  number of  
ru n s  can be t r a n s f o r m e d  i n t o  a s e t  of  U-0 se q ue n c e  s o l u t i o n  p r o ­
b lems ,  and t h e s e  in  t u r n  can be t r a n s f o r m e d  i n t o  a s e t  of  t o p o l o ­
g i c a l  s o r t i n g  p r o b lem s .  So p e r m u t a t i o n s  w i th  a g iv en  number o f  run s  
can be enumera ted  by a p p l i c a t i o n  o f  W e l l s '  en u m e r a t i n g  a l g o r i t h m  f o r  
t o p o l o g i c a l  s o r t i n g .  As f o r  the  ca se  of  en u m e r a t i n g  U-0 seq u en c e  so ­
l u t i o n s ,  a more d i r e c t  e n um er a t i on  t e c h n i q u e  e x i s t s .
Let <n,k> denote the number of permutations of ( l , 2 , . . . . , n >  having k 
runs. These numbers <n,k>, known as Eulerlan numbers.  can be con-
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puted from the fo llow ing formula that appears In Knuth [1973, p . 37]
<n,k> -  kn -  (k-nV^1) + ( k -2 )n(n^ ) --------- + (-nV c0*1)
7 ( - l ) - 5 ( k - j ) n (nj l ) ,  n > 0. k > 0.
.1-0
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fCHAPTEK 5 -  PKOHUMS EuP. FUHTHHR RESE.\RCU
Sone s p e c i f i c  p rob lems  r e l a t e d  to  t h e  t o p i c s  co v e r e d  1n t h i s  d i s s e r ­
t a t i o n  t h a t  nay be c o n s i d e r e d  f o r  f u r t h e r  r e s e a r c h  a r e :
1) D e s i g n i n g  new - t e n e ra t im t  a l g o r i t h m s
I f  th e  K n u th - S z v a r e f  i t e r  and V a r o l ' s  a l g o r i t h m s  f o r  g e n e r a t i n g  to p o ­
l o g i c a l  s o r t i n g s  a r e  m o d i f i e d  by removing from them a l l  r e f e r e n c e s  
t o  p a r t i a l  o r d e r i n g s ,  we a r e  l e f t  w i t h  two a l g o r i t h m s  t h a t  g e n e r a t e  
a l l  n! p e r m u t a t i o n s  of  n o b j e c t s .
The Kn uth -Szware f  i t e r  a l g o r i t h m  in  f a c t  becomes t h e  s t a n d a r d  ba c k­
t r a c k i n g  p e r m u t a t i o n  g e n e r a t i o n  a l g o r i t h m  ( s e e  W e l l s  [19 71 ] ) ,  and 
V i r o l ' s  a l g o r i t h m  becomes t h e  p e r m u t a t i o n  g e n e r a t i o n  a l g o r i t h m  a t ­
t r i b u t e d  to M. H a l l  J n r .  ( s e e  Ord -S mi th  [1970] ) .
Mew a l g o r i t h m s  f o r  g e n e r a t i n g  t o p o l o g i c a l  s o r t i n g s  may p o s s i b l y  be 
d e s i g n e d  by mo di f y in g  o t h e r  p e r m u t a t i o n  g e n e r a t i o n  a l g o r i t h m s  so 
t h a t  th e y  g e n e r a t e  on ly  t h o s e  p e r m u t a t i o n s  c o n s i s t e n t  w i t h  a g i v e n  
p o s e t . (Dur ing  th e  p a s t  tw en t y  y e a r s ,  over  t h i r t y  d i f f e r e n t  permu­
t a t i o n  g e n e r a t i o n  a l g o r i t h m s  have been p u b l i s h e d  -  s e e  f o r  example 
Sedgpwick [1 9 7 7] ) .
2) Inprovlnp .  V a r o l ' s  den er a t l n p .  a l g o r i t h m
V a r o l ' s  a l g o r i t h m  c o n t a i n s  a measure  o f  a r b i t r a r i n e s s  in  t h a t  the 
c h o i c e  of  s t a r t i n g  s o l u t i o n  i s  no t  c o m p l e t e l y  s p e c i f i e d  -  any one of  
th e  t o p o l o g i c a l  s o r t i n g s  may be us e d .  In S e c t i o n  2 . 2 . 2  we showed how 
d i f f e r e n t  s t a r t i n g  s o l u t i o n s  may r e s u l t  i n  d i f f e r e n t  ru n n in g  t im es  
f o r  the  same p roblem,  and we c o n s i d e r e d  a p o s s i b l e  method of  s e l e c t ­
ing  th e  s t a r t i n g  s o l u t i o n ,  b u t  no c o n c l u s i v e  r e s u l t s  were o b t a i n e d .
A p o ss ib le  area of research is  to f i r s t l y  find a way of choosing the 
s ta r t in g  so lu t io n  that w i l l  always (or perhaps on average) g ive  us 
maximum e f f i c i e n c y ,  and secondly to determine whether more time i s  
saved by using the best s t a r t in g  s o lu t io n ,  than is  used in finding  
i t .
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3)  Ues' - j n l n g  iu;u enu m e ra t i n g  a l a o r l t h i a s
As f a r  a s  r .hls  w r i t e r  knows,  W e l l s '  a l g o r i t h m  ( C h a p t e r  3)  i s  th e  
o n l y  t o p o l  - l e a l  s o r t i n g  e n u m e r a t i n g  a l g o r i t h m  t h a t  e x i s t s .  A new 
e n u m e r a t i n g  a l g o r i t h m  may p o s s i b l y  be u e s i g n e d  by making use  o f  Va-  
r o l ' s  a l g o r i t h m  as  f o l l o w s .
Ther e  i s  a s i m ple  method to  c o n s t r u c t  the  f i n a l  t o p o l o g i c a l  s o r t i n g  
g e n e r a t e d  by V a r o l ' s  a l g o r i t h m ,  which i s :
S t a r t i n g  w i th  the  p e r m u t a t i o n  1 2 . . . . n ,  f o r  i  -  n - 1 , n - 2 ,  I
move e lement  t  r i g h t w a r d s  u n t i l  i t  i s  b l o c ke d ,  t h a t  i s  u n t i l  
e i t h e r  iRj  f o r  j  t h e  r i g h t - h a n d  n e i gh b o ur  of  1, o r  u n t i l  1 i s  
t h e  r i g h t - m o s t  e l em e n t  in  th e  p e r m u t a t i o n .
The p e r m u t a t i o n  o b t a i n e d  in  t h i s  way i s  o b v i o u s l y  t h e  l a s t  one ge n e­
r a t e d  by t h e  a l g o r i t h m ,  s i n c e  e v e r y  e l em e nt  l e s s  th a n  n i s  b l o c k e d , 
and so a t  t h i s  p o i n t  t h e  a l g o r i t h m  i l l  e x e c u t e  n-1 s u c c e s s i v e  r o t a ­
t i o n s  and t e r m i n a t e .
For  example ,  c o n s i d e r  the  r e s t r i c t i o n s  1R5, 2R4 and 4R5 on the  s e t  
{ 1 , 2 , 3 , 4 , 5 } .  (The o r d e r  in  which th e  t o p o l o g i c a l  s o r t i n g s  of  t h i s  
p o s e t  a r e  g e n e r a t e d  by V a r o l ' s  a l g o r i t h m  i s  shown in  F ig u re  2 . 6 ) .  
S t a r t i n g  w i t h  12345,  we f i r s t  a t t e m p t  to  move e l ement  4 r i g h t w a r d s ,  
bu t  i t  i s  b lock ed  by 5 and so no th in g  c h a n g e s .  Element  3 i s  th e n  
moved a l l  t h e  way to  t h e  r i g h t  g i v i n g  12433.  S ince  2R4, e l ement  2 
c a n n o t  move f u r t h e r  r i g h t  and so n o th in g  c h a n g e s , and then  f i n a l l y  
e l em en t  1 i s  moved r i g h t w a r d s  u n t i l  i t  i s  b locked  by 5,  and we g e t  
t h e  p e r m u t a t i o n  24153 ,  which i s  indeed  t h e  l a s t  t o p o l o g i c a l  s o r t i n g  
g e n e r a t e d  by V a r o l ' s  a l g o r i t h m .
Therefore the enumeration of to p o lo g ica l  sorfIngs  of a poset can be 
tra..sformed into  the problem of indexing the so lu t io n s  generated by 
V arol's  a lgorithm , that i s  the problem of computing the integer k,  
i f  the k-th  so lu t io n  generated by the algorithm i s  g iven ,  s ince the  
index of the f in a l  so lu t io n  i s  equal to the to ta l  number of topolo­
g ic a l  so r t in g s  generated.
It  should be noted that the ; roblem of Indexing the so lu t io n s  gene­
rated by V arol's  algorithm Is not a t r i v i a l  one. Further, because of
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Che nature of the algorithm, whereby each so lu t io n  generated i s  con- 
s t r v ' t e d  from the previous one, i t  i s  p o ss ib le  that the co st  of  
indexing the f in a l  so lu t io n  may not be s i g n i f i c a n t l y  cheaper than 
a c tu a l ly  generating the s o lu t io n s  themselves.
4)  Im prov ing  ’’e l l s '  enumera ln% a l g o r i t h m
In Chapter 3 we saw that the method used in W ells' algorithm for  
choosing the c leavage vertex  does not guarantee maximum e f f i c i e n c y .  
A p o s s ib le  research problem i s  to find a method for choosing the 
c leavage vertex which w i l l  g ive  maximum e f f i c i e n c y ,  and to find out 
a l s c ,  i f  the time required by th is  method for finding the best  c le a ­
vage ver tex  would J u s t i fy  our using i t  instead of the o r ig in a l  me­
thod .
3) Samples of p osc ts
In S ec t io n  2 .3  we d iscussed the problem of how to define  a good sam­
ple of p eseta ,  and the re la ted  problem of how these posets should be 
ch ara c ter ized .  Solving these  problems would be extremely u s i f u l ,  t s  
i t  would make erapt: al t e s t in g  of any algorithms concerned with
to p o lo g ic a l  sort ing  more mt .n ingfu l .
6)  Ocher  r e s t r i c t e d  p e r m u t a t i o n  problems
In Chapter 4 we d iscussed  two r e s t r ic t e d  permutaf ion problems that  
can be reduced to to o lo g ic a l  so r t in g .  An area for further research  
would be to find out whether there are other r e s tr ic te d  permutation 
problems that can a lso  be transformed into  the to p o lo g ica l  sort ing  
problem.
  -— —
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